
 
 
 
 

 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 

  

SCENT 
D6.3 – STATISTICAL MODEL BASED ON VARIATIONAL SIMULATION 

TECHNIQUES 

April 24, 2020 
 
 
 
 

Version 1.0 
Public 

 

Marie Skłodowska-Curie 
 

 
Grant Agreement No 812391 

Ref. Ares(2020)2224271 - 24/04/2020



Marie Skłodowska-Curie  Smart Cities EMC Network for Training D6.3 

This project has received funding from the European Union’s Horizon 2020 research and innovation programme 
under the Marie Skłodowska-Curie grant agreement No 812391 

 
2 

Table of Contents 

1 Document Information ............................................................................................... 3 

2 Disclaimer .................................................................................................................. 4 

3 Abbreviations ............................................................................................................. 5 

4 Introduction ............................................................................................................... 6 

5 Materials & Methods / Results / Discussion ................................................................ 7 

5.1 Overview ...................................................................................................................... 7 

5.2 Problem statement ........................................................................................................ 8 

5.3 Buck converter simulation ........................................................................................... 9 

5.4 Monte Carlo simulations ............................................................................................ 11 

5.5 Unscented Transform ................................................................................................. 14 
5.5.1 Methods of selecting sigma points ............................................................................................... 15 
5.5.2 Approaches for an arbitrary distribution ....................................................................................... 19 

5.6 MC and UT Comparison ............................................................................................ 19 

5.7 Future work ............................................................................................................... 20 

6 Conclusion ............................................................................................................... 21 

7 References ............................................................................................................... 22 
 
  



Marie Skłodowska-Curie  Smart Cities EMC Network for Training D6.3 

This project has received funding from the European Union’s Horizon 2020 research and innovation programme 
under the Marie Skłodowska-Curie grant agreement No 812391 

 
3 

1 Document Information 
 
Deliverable number D6.3 
Deliverable title Statistical model based on variational 

simulation techniques 
Date due 30 April 2020 
Actual submission date 24 April 2020 
  
Work Package Number and title WP6 - Statistical and probabilistic modelling 

and simulation 
Lead partner University of Nottingham 
Participating beneficiaries UN, UZ 
  
Authors Karol Niewiadomski 
Reviewers Prof. Dave W.P. Thomas 
Dissemination level Public 
Nature Report 
Draft / final Final 
No. of pages including cover 24 

 
 
 
  



Marie Skłodowska-Curie  Smart Cities EMC Network for Training D6.3 

This project has received funding from the European Union’s Horizon 2020 research and innovation programme 
under the Marie Skłodowska-Curie grant agreement No 812391 

 
4 

2 Disclaimer 
 
The content described in this document is publicly available. 
 
The content described in this document reflects only the authors view and the European 
Commission is not responsible for any use that may be made of the information described.  
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3 Abbreviations 
 
Abbreviation Translation 
EMC Electromagnetic Compatibility 
MC(S) Monte Carlo (Simulation) 
UT Unscented Transform 
UKF Unscented Kalman Filter 
EKF  Extended Kalman Filter 
ODE Ordinary Differential Equation 
pdf probability density function 
FFT Fast Fourier Transform 
LFT Linear Fractional Transformation 
PC Polynomial Chaos 
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4 Introduction 
 
One of the challenges of Electromagnetic Compatibility studies is the treatment of uncertainties 
[1]. Traditionally, in order to predict the circuit’s behaviour, a model based upon domain 
knowledge and preliminary measurements is built and simulated using software such as 
MATLAB Simulink, LTspice or PLECS. Simulation enables one to account for changes in the 
circuit, such as exchanging the components, changing the layout, environment etc. All of this 
has an impact on the circuit’s behaviour and therefore needs to be appropriately accounted for 
in the development of the simulation. Modelling is an important task, but as soon as the model 
gets built and implemented in a software of choice, another issue arises, namely: the efficiency 
of the simulation. It turns out that simulating complex systems has its limitations, an important 
one being the amount of time needed for the simulation to finish. The issue expands even more 
when uncertainties come into play. 
 
This report is devoted to describing simulation techniques for prediction of the circuit 
behaviour in the presence of uncertainty. Section 5.1 gives an overview of the existing 
techniques in a form of short literature review. Section 5.2 states the general problem. Section 
5.3 describes a buck converter circuit, used throughout this report for the comparison of 
methods.  In sections 5.4 and 5.5, respectively, Monte Carlo and Unscented Transform methods 
are described and algorithms for their usage in the prediction of circuits behaviour are given. 
Section 5.7 compares the efficiency of the proposed methods. Section 6 concludes the report.  
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5 Materials & Methods / Results / Discussion 
 
5.1 Overview  
 
The most common method of uncertainty propagation is Monte Carlo (MC) and it has been 
widely applied to electromagnetic problems [2]–[5]. For this approach to be effective, one 
needs to repeat simulations hundreds or thousands of times, which is inefficient with respect 
to time needed for evaluation. However, MC simulations are used in almost all cases presented 
hereafter as a comparison tool for evaluating other methods. Some improvements to MC 
simulations are methods like Ensemble MC [6], which by using, one can conduct multiple 
simulations at the same time, or Markov Chain Metropolis-Hastings algorithm [7], which is 
said to be efficient in solving high-dimensional problems. Both of these have not been used so 
far in solving EMC problems. In recent years, the Unscented Transform [8] was used for 
improving assessment of EMI from uncertain systems [9]–[11]. This method works by 
approximating probability density function of interest with a discrete probability distribution, 
preceded by selecting so-called Sigma Points, which characterize the input distribution. One 
can utilize the fact that for standard probability distributions such as gaussian or uniform, the 
procedure of selecting Sigma Points is known. In [10] UT was used to predict voltage on a DC 
bus capacitor of a wind farm system under variable wind speed. In [11] the Total Harmonic 
Distortion (THD) of a system consisting of multiple Voltage Source Converters (VSC) was 
calculated under power and grid impedance variations. It was also shown that the use of UT is 
limited and suffers from the curse of dimensionality. Thus, a method of univariate (UDR) and 
bivariate dimension reduction (BDR) was proposed, which required less simulations. Still 
however, the number of simulations grows alongside with the number of uncertain variables 
[12]. Both UDR and BDR give only the statistical moments, instead of probability density 
function. Ferber et al. proposed the use of Adaptive Unscented Transform [13], in which the 
input parameters are ranked by their influence on the output and successively added to the UT 
model until the convergence is reached. The approach of ranking and selecting appropriate 
variables from the set of 𝑁 uncertain variables was also presented in [14]. The methodology 
described there consisted of four steps: 

1. Output reduction. A set of frequencies was selected based on impedance and EMI 
measurements with nominal parameter values, 

2. Sensitivity analysis. At each chosen frequency the output variable was evaluated with 
different values of input variables, 

3. Model reduction. The new linear model was proposed, using the least-squares 
technique applied to the output of the previous step, 

4. Transformation of Random Variables. Using the method of cumulative distribution 
function, PDF of interest was obtained. 

This method was shown to be more efficient than MC simulations, however no comparison 
with UT or collocation methods was given. Another approach explored in uncertainty analysis 
is the worst-case analysis. Some methods, such as usage of interval arithmetic [15], affine 
arithmetic [16] (where accuracy is achieved, and method is shown to be 10x faster than MC) 
or genetic algorithms [17] (where no advantages are shown) were developed. Worst-case 
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analysis can be conducted with the use of robust analysis method (μ-analysis), for which the 
problem has to be expressed in terms of Linear Fractional Transformation (LFT). In [18] LFT 
derivation of uncertain electrical circuits was proposed. Authors created a library of LFT 
representations of passive electrical elements. The worst-case analysis was then applied to 
predict variability of a transfer function of an EMC filter. Prediction of EMI was covered in 
[19], where an augmented Linear Time-Invariant (LTI) system, based on the theory of 
Periodically Switching Linear (PSL) systems was developed. This method compared to Monte 
Carlo, showed good accuracy and speed-up. In [20] the problem of EMI aggregation in 
frequency domain was presented and approach based on the Pearson’s random walk process 
was developed, where the analytical formula for the probability of the value of k-th harmonic 
was presented. This approach needs a further improvement. A popular method in uncertainty 
quantification is Polynomial Chaos (PC) [21]–[23]. It is based on the use of orthogonal 
polynomials, where different polynomial schemes are used for different input probability 
distributions. In [24] PC was compared with Response Surface Modelling, where both methods 
were shown to perform faster than MC, but both had limitations. In PC, the quantity of interest 
is expressed as a linear combination of Hermite polynomials and the coefficients of the 
resulting function are to be found. There are two main approaches for obtaining those 
coefficients: non-intrusive approach, which relies on conducting small subset of MC 
simulations, and intrusive approach, such as Galerkin method. The first one can be seen as a 
data-driven method and as such can be compared with machine learning approaches such as 
Support Vector Machine (SVM) and its improvement Least Squares-SVM, which have been 
proposed and compared with PC in [25]. Both SVM and LS-SVM are data-driven; that is, they 
rely on training sets, evaluation of which enables them to ‘learn’ about the behaviour of the 
system. These methods perform accurately and efficiently, once trained. However, one needs 
to take into account the time needed for training, which is still significantly faster than direct 
MC simulations. 
 
5.2 Problem statement 
 
A circuit can be described in terms of differential equations. Applying Modified Nodal 
Analysis to a given circuit yields the following ODE [26] 
 

𝐶(ξ)
𝑑𝑥(𝑡, ξ)
𝑑𝑡

+ 𝐺(ξ)𝑥(𝑡, ξ) + 𝑓(𝑥(𝑡, ξ), ξ) = 𝑢(𝑡), (1) 

 
where:	

• ξ is a 𝑑-dimensional vector of (possibly standardised) randomized circuit parameters,	
• 𝑥(𝑡, ξ) is a 𝑚-dimensional vector of node voltages and currents flowing into the 

circuit components,	
• 𝑓(𝑥(𝑡, ξ), ξ)	is a 𝑚-dimensional function representing nonlinear currents,	
• 𝑢(𝑡) is 𝑚-dimensional vector of independent sources, 
• 𝐶(ξ), 𝐺(ξ) ∈ 𝑅!×! are matrices accounting for the linear memory and memoryless 

elements. 
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The above representation assumes that both matrices 𝐶, 𝐺 and vector 𝑥 are influenced by 
random parameters ξ. However, an alternative description treats the vector 𝑥 as dependent only 
on time 𝑡, leading to the following differential equation 

𝐶(ξ)
𝑑𝑥(𝑡)
𝑑𝑡

+ 𝐺(ξ)𝑥(𝑡) + 𝑓(𝑥(𝑡), ξ) = 𝑢(𝑡).		 (2) 

An equation of that form is known in literature as a Random Differential Equation [27]. 
Assuming constant coefficients in matrices 𝐺 and 𝐶,	such equation can be solved for 𝑥 and the 
obtained family of solutions can be searched to find the appropriate solutions following the 
dependency on ξ, and investigate how likely a certain solution is. Such approach has been 
presented in [28]. However, in general, this is not simple, therefore several approaches have 
been employed to quantify the impact of the input parameters on the resulting vector 𝑥. The 
methods providing solutions to the posed problem can be seen as a branch of Uncertainty 
Propagation [29]. 
 
The main question is therefore: how the variations in parameters ξ influence the output 𝑥? 

 
5.3 Buck converter simulation 
 
To analyse the impact of parameter variation on the output a generic example of a buck 
converter was considered. The simulation of the converter was prepared in LTspice. Five 
parameters were considered as random variables: input voltage 𝑉# ,	inductance 𝐿, capacitance 
𝐶, load resistance 𝑅 and the duty cycle 𝐷. The nominal values of the components are shown 
in Table I, whereas Figure 1 presents the buck converter schematic.  
 

Table I Nominal values for the buck converter simulation. 

Parameter Nominal value 
𝑉# 24 V 
𝐿 1.5 mH 
𝐶 2 µ𝐹	
𝑅 10 Ω 
𝐷 0.5 

 
 

 
 

Figure 1 Buck converter schematic with variable parameters depicted. 
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A feedback loop is not considered in this example and the Pulse Width Modulation 
is implemented with a voltage source. The switching frequency was chosen to be 20kHz. 
The quantity of interest is the voltage across load resistor 𝑉$. Fig. 2 shows the time-domain 
waveform obtained via transient simulation with nominal values. The transient simulation was 
conducted for 2 ms. Fig. 3 shows the FFT of the steady-state portion of the waveform. 
As expected, spikes are observed near the switching frequency and its higher harmonics. Table 
II collects values of the amplitude 𝑉$  and phase ϕ$ at DC and selected frequencies - switching 
frequency and its first four harmonics. Uncertainty propagation will be quantified by estimating 
the expected value 𝑉?$ and variance 𝑣𝑎𝑟𝑉$C  of the output voltage amplitude 𝑉$ at those selected 
frequencies. 

 

 

Figure 2 The transient simulation of a buck converter with the nominal parameter values from Table I. 

Figure 3 FFT of the steady-state portion of output voltage. 
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Table II Values of 𝑉! and 𝜙! at selected frequencies obtained via simulation with nominal parameter values. 

Harmonic number Frequency [Hz] 𝑽𝒐 [V] 𝛟𝒐 [°] 
1 20000 0.314 -161.0 
2 40000 0.00181 -78.7 
3 60000 0.0114 -179. 
4 80000 0.000655 -80.0 
5 100000 0.00276 174.0 

 
5.4 Monte Carlo simulations 
 
Monte Carlo methods are a wide class of methods which rely on drawing random samples from 
some known distribution. The samples are then used for the evaluation of a given function, 
numerical integration or even generation of other probability distributions. Considering Eq. (2) 
one can postulate substituting random variable ξ with a specific value ξ& and then solving 
the ODE, and thus the circuit, for the chosen nominal parameter values collected in ξ&. This is 
the primary idea behind using MC methods in circuit simulations. 
 
The assumption used in this report is that 𝑉# , 𝐿, 𝐶, 𝑅, 𝐷 are independent Gaussian random 
variables. The standard deviation is 5% in case of 𝑉# , 𝐿, 𝐶, 𝑅 and 0.05% in case of 𝐷. Fig. 4 
shows the LTspice simulation with appropriate commands used for the Monte Carlo analysis. 
 

 
In this example simulations will be conducted with specific nominal values of parameters 
𝑉# , 𝐿, 𝐶, 𝑅, 𝐷 and then based on obtained waveforms the mean and variance of the voltage 𝑉$ 
will be calculated using standard unbiased estimates 
 

VG' =
1
𝑁H𝑉$,)

*

)+,

(3) 

and 

Figure 4 LTspice schematic of a buck converter with simulation commands. 
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𝑣𝑎𝑟𝑉$C =
1

𝑁 − 1HK𝑉$,) − 𝑉?$L
-,

*

)+,

(4) 

 
where 𝑁 is the number of simulations and 𝑉$,) is the 𝑘-th sample waveform for 𝑘	 = 	1, … , 𝑁.  
 
One can easily see that the arising problem is the number of simulations needed to achieve 
a given accuracy. Depending on the complexity of the circuit this number can be quite high, 
and a lot of computational time may be needed for the simulation to converge. Theoretical 
approaches have been developed for estimating the number of simulations for certain 
distributions [30][31]. Slow convergence of Monte Carlo estimates when dealing with complex 
systems can be a serious drawback of the approach. To overcome some limitations, several 
sampling schemes improving MC have been developed. Even though they will not be used in 
this report, at least two of them are worth mentioning: Latin Hypercube Sampling and quasi-
Monte Carlo [32].  
 
Figure 5 shows 5 time-domain waveforms obtained via random sampling of the parameter 
values, where the impact of parameter variations is clearly noticed. Figure 6 presents 
a histogram of the output voltage at 20 kHz obtained from 1000 MC samples. The distribution 
resembles Normal distribution, therefore a curve showing the probability density function of 
a Normal distribution with mean 𝑉?$ and variance 𝑣𝑎𝑟𝑉.C  is laid upon the histogram for 
comparison. 

 
Since the resulting distribution may be Gaussian, an intuitive approach to compare how far 
an estimate 𝑉?$ is from the true mean (and therefore choose appropriate minimal number 
of samples) is to conduct a simulation with the nominal parameter values presented in Table I 
and treat this result as a “true mean”. However, this approach may not be valid in the general 
case – nonlinearities present in the system may play an important role in skewing or translating 
the resulting distribution. One of the recommendations is therefore to observe the resulting 
mean value and search for the number of simulations at which a stabilisation of the estimate 
is reached [33].  

Figure 5 Transient simulation of output voltage under parameter variations. 
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Fig. 7 shows the estimated mean and the “true mean” at 20kHz. This figure exposes 
the problem of the comparison highlighted above. It can be seen that the estimate of the mean 
voltage amplitude (top panel) stabilises around 10000 samples, pointing to the possible 
minimum number of simulations needed. Bottom panel of Fig. 7 shows the estimate 
of the mean of phase ϕ$ at 20kHz. In this case the mean is not stabilized even at higher than 
10000 number of simulations, therefore much more simulations may be required to obtain 
the precise estimate. In the further part of this report, only the amplitude will be considered. 

Figure 6 Histogram of 1000 MC samples and a Gaussian pdf obtained from the 
estimated mean and variance. 

Figure 7 The convergence of Monte Carlo estimates. The mean estimate of the 
output voltage amplitude (top panel) and output voltage phase (bottom panel) at 
20kHz. The red line is the “true mean”. 
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A similar approach can be taken with regard to the variance estimate. Since the true variance 
is unknown, the method is to observe the stabilisation of the variance. Fig. 8 presents 
the variance estimate obtained for different number of simulations. Conclusions can be drawn, 
similar to those of the mean estimate. 

 
5.5 Unscented Transform 
 
This section describes the Unscented Transform algorithm. The algorithm was originally 
developed by Uhlmann as an extension for the Kalman Filter, dealing with the following 
problem: estimate the expected value of 𝒚,		such that 
	

𝒚 = 𝑔(𝒙), (5) 
 
where 𝒙 is a n-dimensional random vector drawn from a probability distribution with known 
moments – usually assumed Gaussian in Kalman Filter applications - and 𝑔	is a nonlinear 
function, mapping the state vector to a m-dimensional vector 𝒚. A standard approach, known 
as Extended Kalman Filter, was to locally linearize the function 𝑔 and apply a standard Kalman 
Filter to the linearized version. This approach, however, could lead to significant estimation 
errors. An intuition behind the Unscented Kalman Filter says that it is easier to approximate 
a known probability distribution, than it is to approximate an arbitrary nonlinear function. 
 
Following this intuition, the general approach is to draw few samples from the probability 
distribution of 𝒙, apply a nonlinear function 𝑔 and based on those few samples estimate the 
expected value of 𝒚. One can see the similarity between UT and MC methods. However, 
the most important difference is that, unlike in MC approach, where samples are drawn 
at random, a specific set of deterministically chosen samples, so-called “sigma points”, 

Figure 8 The convergence of the MC estimates of variance for output 
voltage amplitude and phase at 20 kHz. 
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together with appropriate weights is constructed. The attention should be brought to the 
procedure of constructing the set of sigma points. 
 
5.5.1 Methods of selecting sigma points 
 
One way of describing a probability distribution is through its moments. Creating a set of sigma 
points can be seen as discretizing the continuous probability distribution in such a way that the 
appropriate moments match between the continuous and discrete distributions. In other words, 
if 𝑥 is a random variable with probability density function 𝑓 and the set of sigma points has 
cardinality 𝑠, one needs to have 

𝐸(𝑥)) = V 𝑥)𝑓(𝑥)𝑑𝑥
/

0/
=H𝑊#𝑆#)

1

#+,

, (6) 

where 𝑆# is the sigma point and 𝑊# is the accompanying weight for each 𝑖	 = 	1, … , 𝑠. 
 
The algorithms for creating the set of sigma points are described in several papers [34], [35] 
and in [36] some sampling strategies are evaluated. Since the size of the set of sigma points 
plays the most important role in the overall algorithm, the natural task is to minimize this set. 
One of the solutions is to follow the general idea described in [35], providing a way to select 
the minimal number of sigma points, being 2𝑛	 + 	1, where 𝑛 is the number of random 
variables. This idea can be described as follows. 
 
Let 𝑥 be a 𝑛-dimensional random variable with expected value µ and covariance matrix 𝑃. 
The underlying assumption is that the distribution of 𝑥 is Gaussian, therefore it can be 
described as 𝑥	 = 	µ + 	𝐶𝑧, such that 𝑧 is a random variable with standard Normal distribution 
and 𝑃 = 𝐶𝐶2. It is noted that the expected value of 𝑧 is equal to zero, 𝐸(𝑧) 	= 	0, and the 
second moments of each of the components of 𝑧 are equal to one, i.e. 𝐸(𝑧#-) = 1, for each 𝑖	 =
	1, … , 𝑛. A symmetric set of sigma points 𝑍# is found by letting the Eq. (2) hold for the first 
two moments. The set of sigma points 𝑆# is then found with 𝑆# = µ + 𝐶𝑍# . It can be shown that 
sigma points 𝑆# can be derived directly using the following procedure: 
 

1. Select a weight 𝑊.. 
2. Calculate the square root matrix  

𝑃1 = `
𝑛

1 −𝑊.
𝑃. (7) 

3. Define vectors (𝑃1)#, for 𝑖	 = 	1, … , 𝑛, being the 𝑖-th column or 𝑖-th row of the matrix 𝑃1. 
4. The following is a calculation of sigma points 𝑆# and their corresponding weights 𝑊#: 

𝑆. = 𝜇,																					𝑊. = 𝑊.,	

𝑆# = 𝜇 + (𝑃1)# , 							𝑊# =
1 −𝑊.

2𝑛 ,  for		𝑖 = 1,… , 𝑛, (8)	

𝑆34# = 𝜇 − (𝑃1)# , 		𝑊3	4	# =
1 −𝑊.

2𝑛 ,				for		𝑖 = 1,… , 𝑛. 
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5. The estimate of the mean of 𝑦 is calculated via 

𝑦i =H𝑊#𝑔(𝑆#)	
-3

#+.

. (9) 

6. The estimate of the covariance of 𝑦 is obtained via 

𝑉𝑎𝑟(y) =H𝑊#(𝑔(𝑆#) − 𝑦i)(𝑔(𝑆#) − 𝑦i)2
-3

#+.

. (10) 

The above approach has an intuitive geometrical representation, i.e. selected sigma points lie 
either in the center (in case of the mean) or on the boundary of the ellipse determined by the 
covariance matrix 𝑃 designating its major and minor axes, as shown on Fig. 9. Moreover, the 
choice of the initial weight 𝑊. plays an important role in determining sigma points and the 
remaining weights. Since the choice of 𝑊. is ambiguous, further constraints can be imposed. 
By imposing a constraint on the fourth moments of sigma points, it can be shown that 𝑊. =
603
3

 or 𝑊. = 1 − 7
8
. 

In general, one wants Eq. (6) to be held for up to at least fourth moment, 𝑘	 = 	4. In the 
multivariate case the weights and sigma points can be found by solving the following system 
of equations: 

𝑊. = 1 −H𝑊#
#

,	

H𝑊#𝑆#,,
9"

#

⋯𝑆#,3
9# = 𝐸K𝑥,

9"⋯𝑥3
9#L, (11) 

where powers 𝑝,, … , 𝑝: are such that 1 ≤ 𝑝, +⋯+ 𝑝: ≤ 4.  

Figure 9 MC samples of a sample two-dimensional Normal distribution (black points), 
sigma points (red points) and ellipse determined by the covariance matrix 𝑃 (blue line). 
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System of equations (11) comes as a result of expanding function 𝑔 by Taylor approximation, 
which in one-dimensional case yields: 

𝑔(µ + x) = 𝑔(µ) +
𝑑𝑔
𝑑𝑥

𝑥 +
1
2!
𝑑-𝑔
𝑑𝑥-

x- +
1
3!
𝑑6𝑔
𝑑𝑥6

x6 +⋯ = 𝑔(µ) + 𝑝(𝑥) (12) 

and observing that  

𝐸K𝑔(µ + 𝑥)L = 𝑔(µ) + 𝐸K𝑝(𝑥)L = 𝑔(µ) + �̂� (13) 

and  

𝑣𝑎𝑟K𝑔(µ + 𝑥)L = 𝐸(𝑝(𝑥)-) − �̂�-, (14) 

where sigma points 𝑆# can be substituted for	𝑥 and the equations can be combined into a single 
set of equations. This procedure can be easily extended into the multivariate case; however, 
one needs to account for cross products between the elements of 𝑥. 
 
Having a closer look at the system of equations (11) one can determine the minimum number 
of sigma points which are the result of solving (11).  A quick investigation reveals that this 
number is dependent on the order 𝑁 of approximation of the Taylor expansion. In [34] the 
authors derived an equation, which shows the minimal number of sigma points. This equation, 
after correction, writes 

𝑁1 = 1 +
1

𝑛 + 1H
(𝑛 + 𝑘 − 1)!
𝑘! (𝑛	 − 	1)! .

-*

)+,

(15) 

Table III shows the number of sigma points for 𝑛	 = 	1, … , 10 for second, fourth and sixth 
order of approximation. 
 

Table III Minimum number of sigma points for a given order of approximation and 𝑛 variables. 

𝒏 𝑵𝒔 (2nd order) 𝑵𝒔 (4th order) 𝑵𝒔 (6th order) 
1 3 5 7 
2 6 16 31 
3 10 42 115 
4 15 100 365 
5 22 216 1033 
6 31 430 2653 
7 43 806 6300 
8 56 1431 13998 
9 73 2432 29394 
10 92 3979 58787 

 
As it can be seen, for 4th and 6th order or approximation the number of sigma points (and 
therefore, the number of simulations) grows rapidly and can be comparable or even exceed the 
number of Monte Carlo simulations. One possible solution to overcome this problem is to pre-
select the most important variables which are to be treated as random variables. This can be 
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done via sensitivity analysis and was proposed in [13] under the term ‘Adaptive Unscented 
Transform’. In the same paper and in [34] a non-minimal set of sigma points satisfying the 
equations in (11) was proposed, with the assumption that the variables of interest are 
independent and σ is a vector of standard deviations. Those points lay on the 𝑛-dimensional 
cube. Particularly, the coordinates of 23 points laying on the edges of the cube are given by  

(±1,… ,±1)
√𝑛 + 2
√𝑛

𝜎, (16) 

the coordinates of 2𝑛 points laying on the 𝑛-dimensional axes are  

(±1,0, … ,0)√n + 2𝜎	
⋮ (17)	

(0, … ,0, ±1)√n + 2σ, 

while the weights corresponding to the first case can be computed via 

𝑤, =
𝑛-

23(𝑛 + 2)-
(18) 

and the weights corresponding to the second scheme are obtained by 

𝑤- =
1

(𝑛 + 2)-
. (19) 

The number of sigma points for 𝑛 random variables constructed using the above approach 
consists of 23 + 2𝑛	 + 	1 points. Table IV presents the number of sigma points selected with 
this approach and weights 𝑤,, 𝑤- for 𝑛	 = 	1, … , 10. 
 
Table IV Number of sigma points 𝑁! and weights 𝑤", 𝑤# resulting from a selection scheme described by equations (16)-(19). 

𝒏 𝑵𝒔 𝒘𝟏 𝒘𝟐 
1 5 1/18 1/9 
2 9 1/16 1/16 
3 15 9/200 1/25 
4 25 1/36 1/36 
5 43 25/1568 1/49 
6 77 9/1024 1/64 
7 143 49/10368 1/81 
8 273 1/400 1/100 
9 531 81/61952 1/121 
10 1045 25/36864 1/144 

 
In the following Section 5.6 the first and last scheme will be employed and the results from 
Unscented Transform will be compared to Monte Carlo simulations for the accuracy check. 
 
 



Marie Skłodowska-Curie  Smart Cities EMC Network for Training D6.3 

This project has received funding from the European Union’s Horizon 2020 research and innovation programme 
under the Marie Skłodowska-Curie grant agreement No 812391 

 
19 

5.5.2 Approaches for arbitrary distributions 
 
The assumption for the described approaches was that the underlying distribution is Gaussian, 
however in real life applications different distributions can be encountered. Taylor series 
expansion can be used to find sigma points, but its usability is limited to a given order of 
approximation. Solutions exist or can be easily found for some other distributions, such as 
uniform distribution [34]. An alternative approach is to treat (2) as a Gaussian quadrature 
problem in which sigma points are derived from the integration points. Let the nonlinear 
function 𝑔(𝑥) be a random variable with known pdf 𝑤(𝑥). Then the expected value of 𝑔(𝑥) 
can be expressed as 

𝐸K𝑔(𝑥)L = V 𝑤(𝑥)𝑔(𝑥)𝑑𝑥
/

0/
=H𝑊#𝑔(𝑆#)

#

. (20) 

To integrate this equation with Gaussian quadrature, orthogonal polynomials of the 
distributions are employed, and sigma points are found as roots of those polynomials. However, 
each distribution has to possess a corresponding orthogonal polynomial, which can pose 
problems as some distributions do not have a known orthogonal polynomial. In [37] Stieltjes 
procedure was employed to build a polynomial for the Weibull distribution. Further work 
is needed to generalize the UT method to other probability distributions, which do not possess 
known orthogonal polynomials. 
 
5.6 MC and UT Comparison 
 
Both MC and UT methods need a post-processing stage, where the results of simulations are 
gathered and appropriately transformed. This post-processing can be done in a software or 
language of choice and for the sake of this report R programming language [38] was chosen. 
Additionally, simulations employing UT have to be preceded by the selection of sigma points. 
In the first scheme, a procedure for calculating the square root matrix must be implemented. 
Programs, such as MATLAB or Mathematica, or any other Computer Algebra System can be 
employed to obtain the square root matrix of the covariance. For this report, Mathematica was 
used. 
 
Table V summarises the results obtained from 10000 MC samples and two UT approaches with 
𝑁1 = 11 and 𝑁1 = 43, where the first selection scheme was employed separately with 𝑊. =
603
3

 and 𝑊. = 1 − 7
8
 for 𝑛 = 	5. The estimates of the output voltage are obtained at 20kHz and 

the next 4 harmonics. The values for mean and for the variance are presented. 
 

Table V Estimates obtained via MC and UT simulations. 

Harmonic 
number 

𝐌𝐂 
𝑁	 = 	10000 

𝐔𝐓𝟏 
𝑊$ = −2/5 
N% = 11 

𝐔𝐓𝟐 
𝑊$ = 1/6 
N% = 11 

𝐔𝐓𝟑 
N% = 43 

𝑉$G  𝑣𝑎𝑟𝑉$C  
[× 10$%] 𝑉$G  𝑣𝑎𝑟𝑉$C  

[× 10$%] 𝑉$G  𝑣𝑎𝑟𝑉$C  
[× 10$%] 𝑉$G  𝑣𝑎𝑟𝑉$C  

[× 10$%] 

1 0.315 674 0.314 487 0.314 492 0.315 683 
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2 0.00191 0.0219 0.00189 0.0154 0.00187 0.0197 0.00188 0.0263 

3 0.0113 0.945 0.0112 0.619 0.0112 0.632 0.0113 0.972 

4 0.000493 0.00189 0.000489 0.00114 0.000498 0.00203 0.000495 0.00179 

5 0.00266 0.0602 0.00264 0.0359 0.00263 0.0387 0.00265 0.0647 

 
As it can be observed all UT methods give a mean estimate very close to that obtained via MC 
simulations. However, only the UT with 43 sigma points gives an appropriate estimate of the 
variance. Fig. 10 presents the histogram of MC simulations and a curve of Gaussian pdf 
obtained with parameters estimated by both the MC samples (red dashed line) and the best UT 
method (black solid line). No significant difference is found between the curves; however, one 
can notice that the histogram is slightly positively skewed, therefore the choice for the Normal 
distribution might be wrong. 

 
5.7 Future work 
 
In the future research other methods, especially non-intrusive Polynomial Chaos [26] and µ-
analysis [18], [39] will be explored, to find the most suitable tool for problems with high 
dimensionality. A toolbox – in the form of an open source software – will be developed, thanks 
to which all the necessary pre- and post- processing actions will be managed automatically so 
that the engineers can focus on modelling and not on transforming their data to fit for the 
simulation purposes. The aim of the research is to develop new efficient methods for 
uncertainty propagation and provide the society with a selection of the most efficient existing 
ones implemented in one toolbox. 
  

Figure 10 Monte Carlo samples and Gaussian pdf with parameters obtained via MC 
and UT simulations at 20 kHz. 
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6 Conclusion 
 
This report was devoted to describing methods for simulations of circuits under randomized 
parameter variations. In particular, Monte Carlo and Unscented Transform methods were 
presented and implemented with a simple buck converter simulation. The experience with 
circuit simulations allowing for random parameter variations revealed how costly and 
unoptimized this process is. On one hand a simple Monte Carlo method requires thousands of 
repeated simulations even for simple problems. On the other hand, more optimized Unscented 
Transform requires special pre- and post-processing and still suffers from the curse of 
dimensionality, i.e. the more random variables are present in the system, the more UT 
simulations are needed, which makes it unsuitable for complex problem with many random 
parameters. Problems with Monte Carlo convergence have been discussed and exposed with 
the example of a phase of the buck converter output voltage. Recommendations were given to 
choose appropriate number of Monte Carlo simulations. Different sampling strategies for 
selecting the set of deterministic points needed for the Unscented Transform were presented. 
In the end a comparison between the Monte Carlo and different versions of Unscented 
Transform was conducted and the best method for buck converter simulation was chosen. 
Report concludes with stating the need for developing a toolbox of state-of-the-art and newly 
developed methods, which could reduce the computational burden connected with both large 
number of simulations and time-consuming data pre-processing. 
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