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CCM Continuous Conduction Mode  

BLT Baum-Liu-Tesche 
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dB Decibel 
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SMPS Switch-Mode Power Supply 
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Introduction 

 

The widespread use of electronic circuits for communication, computation, automation, and 

other purposes makes it necessary for diverse circuits to operate in close proximity to each 

other. All too often, these circuits affect each other adversely. Electromagnetic interference 

(EMI) has become a major problem for circuit designers, and it is likely to become even more 

severe in the future. The large number of electronic devices in common use is partly responsible 

for this trend. In addition, the use of integrated circuits and large scale integration has reduced 

the size of electronic equipment. As circuitry has become smaller and more sophisticated, more 

circuits are being crowded into less space, which increases the probability of interference. In 

addition, clock frequencies have increased dramatically over the years—in many cases to over 

a gigahertz. It is not uncommon today for personal computers used in the home to have clock 

speeds in excess of 1 GHz. Today’s equipment designers need to do more than just make their 

systems operate under ideal conditions in the laboratory. Besides that obvious task, products 

must be designed to work in the ‘‘real world,’’ with other equipment nearby, and to comply 

with government electromagnetic compatibility (EMC) regulations. This means that the 

equipment should not be affected by external electromagnetic sources and should not itself be 

a source of electromagnetic noise that can pollute the environment 

 

The title of Electromagnetic Topology (EMT) has been developed back in the 70s by Carl E 

Baum & el. It is one interesting way to generalize the multi-conductor transmission line 

network theory to the basic equations of the EMT. To fulfill this, the objective of this research 

considers the Electromagnetic Interference (EMI) of large system in order to systematically 

construct an EMT-based model for the EMC and power quality analysis. Hence, progress 

focused based on lumped power electronics interfaces and multi-conductor transmission line 

theory (MTL).  In addition, state-of-art tools are derived to analyze the system interference 

with regards to the harmonics, common mode noises and its power quality. The model for the 

distribution network consists of multiple power inverters and loads that are modelled using 

EMT and presented in Interaction Sequence Diagram (ISD). ISD is one good approach to 

model interaction of components in a system especially a large system such as electrical 

network. The following chapters intend to assist reader to understand the concept of EMT and 

discuss methodologies to implement it. 

 

The first part of this report begin with section 4. Inside this chapter, brief introduction about 

EMI and EMC, the challenges faced in this stringent EM environment are shown. Standards 

and directives which concern the EMC society is mentioned. By knowing the root-cause of 

harmonics, it enables designer to plot solution before hardware implementation is executed. 

Hence, a summary of harmonics pollution problems is provided for knowledge. Despite 

harmonics disturbance, the co-relation of harmonics and EMI noise concepts is also 

demonstrated with mitigation techniques, this subsection provides some general solutions in 

the power electronics such as filter. The last section of this chapter includes some switch 

control techniques which have been explored by Work Package 6 (WP6), their application will 

form part of this research mission.  

 

Section 5 provides information about power electronic interfaces in electrical network, 

particularly the DC-AC inverters. Here illustrates the operation on how inverter generates its 

output using two-conducting switching, the switching generates different output voltage in 

each quadrant in addition to the line current. Some quality issues are introduced that relate to 

power inverter such as notching. In addition, the Total Harmonics Distortion formula is 

provided to calculate the waveform distortion that is created in power converters. 
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The core knowledge on EMT is developed from the multi-conductor transmission line theory. 

Section 6 and 7guide us to understand every aspect dealing with electrical cables which can be 

modeled into equivalent circuit and tube-junction topology. We know conductor cable is 

essential to transmit energy from one point to another point. Hence, mathematical relationships 

are described from the fundamental Maxwell`s equations for 2-conductor transmission line up-

progress to a standard model for the standard MTL equations. Besides, equivalent circuit 

presentation of transmission line and their example is shown, also accompanied by detail 

description of the Per-Unit-Length parameters. Subsections within this chapter assist to model 

the transmission line as close as to real condition based on defined constraints. In the last part 

of this section, an example of the BLT equation is presented, this equation enables calculation 

of nodal electrical voltage and current in a complex interaction diagram known as the ISD. 

Here, a hardware model is defined using all necessarily tools described throughout this chapter. 

 

Finally, section 8 presents conclusion, where it summarizes contents in each section of this 

report. From section one to section eight, the formulation and methods to achieve the 

topological environment based on EMT. It will become evident that by utilizing the concept of 

topology to decode a complex EM problems, it is desirable to understand a system character 

thus enables designer to control emission in an attempt to produce an electromagnetically 

compatible product much more elaborately. Eventually, this effort ensures to eliminate 

interference problem for many application at the pre-implementation stage. Section 9 presents 

future research. 

 

 

EMC challenges 

“Electromagnetic compatibility (EMC) is the ability of an electronic system to [1-4](1) 

function properly in its intended electromagnetic environment and (2) not be a source of 

pollution to that electromagnetic environment.” 

 

The electromagnetic environment is composed of both radiated and conducted energy. EMC 

therefore has two aspects, emission and susceptibility. Susceptibility is the capability of a 

device or circuit to respond to unwanted electromagnetic energy such as noise. The opposite 

of susceptibility is immunity. The immunity level of a circuit or device is the electromagnetic 

environment in which the equipment can operate satisfactorily, without degradation and with 

a defined margin of safety. One difficulty in determining immunity (or susceptibility) levels is 

defining what constitutes performance degradation. Emission pertains to the interference-

causing potential of a product. The purpose of controlling emissions is to limit the 

electromagnetic energy emitted and thereby to control the electromagnetic environment in 

which other products must operate. Controlling the emission from one product may eliminate 

an interference problem for many other products. Therefore, it is desirable to control emission 

in an attempt to produce an electromagnetically compatible environment. To some extent, 

susceptibility is self-regulating. If a product is susceptible to the electromagnetic environment, 

the user will become aware of it and may not continue to purchase that product[2-4].  

 

However, emission tends not to be self-regulating. A product that is the source of emission 

may not itself be affected by that emission. To guarantee that EMC is a consideration in the 

design of all electronic products, various government agencies and regulatory bodies have 

imposed EMC regulations that a product must meet before it can be marketed. These 

regulations control allowable emissions and in some cases define the degree of immunity 

required. EMC engineering can be approached in either of two ways: one is the crisis approach, 
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and the other is the systems approach. In the crisis approach, the designer proceeds with a total 

disregard of EMC until the functional design is finished, and during testing field experience 

suggests that a problem which becomes a total disaster for designer. 

 

The EU has two additional emission requirements that relate to power quality issues that 

concerns the harmonics and flicker. These regulations apply to products that draw an input 

current of 16A per phase or less and are intended to be connected to the public ac power 

distribution system. In the interest of this research, only the harmonics will be discussed in this 

report. 

 

 

EMC Directive and Standards 

The European regulations consists of various directives and standards. The directives are very 

general and are the legal requirements. The standards provide one way, but not the only way, 

to comply with the directive. In the case of EMC, the EMC Directive 2004/108/EC 

(predecessor EMC Directive 89/336/EEC) defines the essential requirements for a product to 

be marketed in the EU. They are as follows[5]: 

 

1. The equipment must be constructed to ensure that any electromagnetic disturbance it 

generates allows radio and telecommunication equipment and other apparatus to function 

as intended. 

 

2. The equipment must be constructed with an inherent level of immunity to externally 

generated electromagnetic disturbances.  

 

These are the only legal requirements with respect to EMC and the requirements are vague. 

The directive provides for two methods of demonstrating compliance with its requirements. 

The most commonly used is by a declaration of conformity; the other option is the use of a 

technical construction file. If a product is tested to and complies with the applicable EMC 

standards it is presumed to meet the requirements of the directive, and the manufacturer can 

produce a declaration of conformity attesting to that fact.  

 

A declaration of conformity is a self-certification process in which the responsible party, 

manufacturer or importer, must first determine the applicable standards for the product, test the 

product to the standards, and issue a declaration declaring compliance with those standards and 

the EMC directive. The declaration of conformity can be a single-page document but must 

contain the following[5, 6]: 

 

• Application of which council directives (all applicable directives) 

• Standards used (including date of standard) to determine conformit 

• Product name and model number, also serial numbers if applicable 

• Manufacturer’s name and address 

• A dated declaration that the product conforms to the directives 

• A signature by a person empowered to legally bind the manufacturer 

 

The technical construction file approach to demonstrating conformity is unique to the European 

Union. The technical construction file is often used where no harmonized standards exist for 

the product and the manufacturer does not think that the generic standards are appropriate. In 

this case, the manufacturer produces a technical file to describe the procedures and tests used 

to ensure compliance with the EMC directive. The manufacturer can develop its own EMC 
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specifications and test procedures. The manufacturer can decide how, where, when, or if, the 

product is tested for EMC. An independent competent body, however, must approve the 

technical construction file. The competent bodies are appointed by the individual states of the 

European Union, and the European Commission publishes a list of them in the Official Journal 

of the European Union. The competent body must agree that, using the manufacturer’s 

procedures and tests, the product satisfies the essential requirements of the EMC directive. This 

approach is acceptable, because in the European Union, the EMC directive is the legal 

document that must be satisfied, not the standards. In most other jurisdictions, the standards 

are the legal documents that must be complied with[7]. 

 

Products whose compliance with the EMC directive has been demonstrated by one of the above 

procedures shall be labeled with the CE mark. The CE mark consists of the lower case letters 

‘‘ce’’ in a specified, distinctive font. Affixing the CE mark to a product indicates conformity 

to all applicable directives, not just the EMC directive. Emission and immunity requirements 

for a product are usually covered by different standards. Currently, over 50 different standards 

are associated with the EMC directive.  

 

The EU’s standards writing organization CENELEC (the European Committeefor Electro-

Technical Standardization) has been given the task of drawing up the corresponding technical 

specifications meeting the essential requirements of the EMC directive, compliance with which 

will provide a presumption of conformity with the essential requirements of the EMC directive. 

Such specifications are referred to as harmonized standards. Most CENELEC standards are 

derived from International Electro-Technical Committee (ITC) or CISPR standards—ITC for 

immunity standards and CISPR for emission standards. The CENELEC standards, or European 

Norms (EN), are not official until a reference to them is published in the ‘‘Official Journal of 

the European Union.’’[8, 9] 

 

 

Harmonics 

The harmonic requirement (EN 61000-3-2) limits the harmonic content of the current drawn 

by the product from the ac power line. The generation of harmonics is the result of the nonlinear 

behavior of the loads connected to the ac power line. Common nonlinear loads include 

switched-mode power supplies (SMPS), variable-speed motor drives, and electronic ballasts 

for fluorescent lamps. A major source of harmonics is a full-wave rectifier connected directly 

to the ac power line and followed by a large-value capacitor input filter. Under these 

circumstances, current is only drawn from the power line when the input voltage exceeds that 

on the filter capacitor. As a result, current is drawn from the power line only on the peaks of 

the ac voltage waveform (see figure 2). The resultant current wave-shape is rich in odd 

harmonics (third, fifth, seventh, etc.). Total harmonic distortion (THD) values of 70% to 150% 

are not uncommon under these circumstances. The number of harmonics present is determined 

by the rise and fall time of the current pulse, and their magnitude by the current wave shape. 

Most switching power supplies (the exception is very low-power supplies) and variable-speed 

motor drives cannot meet this requirement without some kind of passive or active power factor 

correction circuitry. To alleviate this problem, the ac input current pulse must be spread out 

over a larger portion of a cycle to reduce the harmonic content. Normally the THD of the 

current pulse must be reduced to 25% or less to be compliant with the EU regulations[7]. 
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Figure 1: Electrical diagram of full-wave bridge rectifier 

 

 
Figure 2: time course of current and voltages produced in full-wave bridge rectifier 

 

Major harmonic pollution problem can be divided into two categories: those caused by the 

harmonic currents themselves and those caused by voltage waveform distortion resulting from 

the harmonic currents flowing in a finite supply source impedance [10-15]: 

 

• Harmonics currents can cause overheating in the local supply distribution transformer 

and Power factor correction capacitors, if it is inadequately rated, or if it is rated on the 

assumption of low harmonic levels. Also, in the neutral conductors of three-phase 

supplies, harmonics currents present reliability and safety risks, where neutral 

conductors have not been suitably dimensioned. 

• The non-sinusoidal current drawn from the supply causes distortion of the supply 

voltage since the inductance of the supply increases the source impedance as the 

harmonic order rises. This waveform distortion can cause severe effects in direct-on-

line induction motors, ranging from a minor increase in internal temperature through 

excessive noise and vibration. 

 

 

Electromagnetic Interference (EMI) 

“The effect of unwanted energy due to one or a combination of emissions, radiations, or 

inductions upon reception in a radio communication system, manifested by any performance 

degradation, misinterpretation, or loss of information which could be extracted in the 

absence of such unwanted energy”[16] 

 

This is what interference is defined by the International Telecommunication Union's (ITU) 

Radio Regulations. In accordance with article posted in the ITU variations of interference are 

classified as follows: 



Marie Skłodowska-Curie  Smart Cities EMC Network for Training D8.1 

This project has received funding from the European Union’s Horizon 2020 research and innovation programme under 

the Marie Skłodowska-Curie grant agreement No 812391 

 

12 

 

• Permissible interference 

• Acceptable interference 

• Harmful interference 

 

Permissible interference refers as the observed or predicted interference that complies with 

quantitative interference and sharing criteria contained in International Radio Consultative 

Committee (CCIR) Recommendations, in the Radio Regulations (RRs), or in special 

agreements made in accordance with the RR [17]. Acceptable interference is the interference 

at a higher level than that defined as permissible interference and which has been agreed upon 

between two or more administrations without prejudice to other administrations. Harmful 

interference is the interference which endangers the functioning of a radio navigation service 

or of other safety services or seriously degrades, obstructs, or repeatedly interrupts a radio 

communication service operating in accordance with Radio Regulations [18].  

 

There are three basic types of interference: radio frequency interference (RFI), electrical 

interference and inter-modulation. RFI is caused by radio and TV transmitters, 

communications equipment, cable television systems and other types of equipment that 

generate radio frequency energy as part of their operation. Electrical interference is caused by 

computers and digital equipment, heavy electrical equipment, lighting systems, faulty electrical 

devices, etc. Inter-modulation is a type of interference caused by the internal combination of 

strong radio signals in wireless receivers. 

 

Radio Frequency Interference is caused by radio frequency (RF) signals on or near the 

frequency of the affected wireless receiver. The interfering signals might have been transmitted 

intentionally, or unintentionally as the result of some defect or undesired characteristic of the 

source. It is not necessary that the interfering signal be exactly on the same frequency as the 

wireless system to be troublesome. Strong RF signals that are near the wireless frequency can 

affect the operation of the wireless receiver, causing audio and reception problems. 

 

Electrical interference is not intended to be a source of RF energy. Often, the interference is 

the result of a defect, failure or maintenance problem that can be readily corrected. Some types 

of electronic equipment tends to generate interference in the normal course of operation. In 

those cases, regulation requires manufacturers design and manufacture their products so that 

they do not cause harmful interference. In many cases, this is a legal requirement because the 

government has imposed regulations that place strict limits on the unintentional generation of 

RF interference. Manufacturers do their best to comply with these regulations because there 

can be severe penalties for the sale of devices not meeting the standards. 

 

 

4.3.1 Conducted EMI 

Conducted coupling occurs when the coupling path between the source and the receptor is 

formed by direct contact (Galvanic coupling) and when two cables of the system are routed to 

each other, thus creating a parasitic capacitance (Capacitive coupling). Direct contact may be 

caused by a transmission line, wire, cable, PCB copper strip line, or metal enclosure. 

Conducted EMI/noise can appear in a common-mode noise or differential-mode noise. 

Currents at frequencies below 5 MHz are mostly differential-mode, while those above 5 MHz 

are usually common-mode. Differential mode and common mode, also referred to as odd mode 

and even mode noise.  
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Common-mode (CM) noise is caused by the current flows along both the outgoing lines in the 

same direction and returns by some parasitic path through system ground that is not part of the 

design, the so-called “sneak circuit.” CM noise results from stray capacitances in a system and, 

also flow through the capacitance formed between the case and ground, often occurring 

between semiconductors (transistor) and heat sinks [19]. 

 

In the case of power electronics switching control circuit, the major contributor to common-

mode emission is the primary side parasitic capacitance to ground. The three contributors to 

this capacitance are switching transistor to heat sink capacitance, transformer inter-winding 

capacitance, and stray primary side wiring capacitance as shown in figure3. The largest single 

contributor is usually the switching transistor to heat sink capacitance. This capacitance can be 

reduced by  

 

• Using an insulating thermal washer containing a Faraday shield between the transistor 

and heat sink. 

• Using a thicker ceramic washer (such as beryllium oxide). 

• Not grounding the heat sink.  

 

A Faraday shield thermal insulating washer consists of a copper shield between two thin layers 

of insulating materials. To be effective, the copper shield must be connected to the source 

terminal of the switching transistor. In the case if the heat sink is electrically floated from 

ground, the heat sink must be protected from the possibility of direct contact. This is because 

in the event that the insulating thermal washer between the switching transistor and the heat 

sink were to break down, the heat sink would be at the ac line potential and present an electrical 

shock hazard[7].  

 

The second contributor to this parasitic capacitance is the transformer’s inter-winding 

capacitance. An example of small transformers found in most electronics devices, the primary 

and secondary windings are placed close together, which maximizes the inter-winding 

capacitance[20]. To solve this we can simply use a transformer that has isolated windings 

further or one that contains a Faraday shield can reduce this capacitance. To minimize the third 

CM contributor, the simplest and yet effective method, it is to have proper wiring layout to 

avoid any ground capacitance between live (Hot) to ground.    

 

 
Figure 3: Parasitic capacitances in a switched-mode power supply connected with a LISN 
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Differential-mode (DM) noise or symmetrical noise can occur between any two-wire pair. In a 

single-phase system, this could be between phase and neutral lines. In a three-phase system, it 

could be between phase-to-phase and phase-to-neutral. In DC systems, the noise can travel 

from the positive to the negative terminal. This noise usually occurs at lower frequencies and 

is commonly associated with the switching frequency of a switch-mode power supply or the 

loads and this current is independent of ground. In figure 3 is shown a power supply consists 

of the switching transistor driving a current at the switching frequency around the circuit loop, 

through the transformer and the filter capacitor CF. As long as the switching current flows 

through this loop, internal to the power supply, it will produce no differential-mode emission. 

The primary purpose of the capacitor CF, however, is to filter the full-wave rectified ac line 

voltage. The filter capacitor is therefore a large-value and typically has a significant equivalent 

series inductance (ESL)also an equivalent series resistance (ESR). As a result of these parasitic 

impedances, not all the switching current will flow through the capacitor CF. Rather, a current 

division will occur at the capacitor terminals, with some of the switching current flowing 

through the capacitor and the remainder flowing through the full-wave bridge rectifier out onto 

the power line. The switching current flowing out onto the power line is a differential-mode 

noise current that flows through the LISN. Note that to the differential-mode current, the LISN 

looks like 100Ω (the two 50 Ω resistors in series). Figure 4 shows a simplified equivalent circuit 

for circuit in figure 3.  

 

 
Figure 4: Differential-mode noise equivalent circuit 

 

In figure 4, we observe that the power supply has a low differential-mode source impedance, 

which results from the large value of the input ripple filter capacitance CF. The differential-

mode current, and therefore the LISN voltage, are both determined primarily by the parasitics 

(LF and RF) and the mounting of the filter capacitance CF. Therefore, the parasitics LF and RF 

will be the dominant impedances at the switching frequency[7]. 

 

 
Figure 5: Noise equivalent circuit showing both common-mode and differential-mode noise 

sources and currents 
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A summary of CM and DM is summarized in figure 5. This figure shows both the common-

mode and differential-mode current paths. As can be observed, the differential-mode noise 

currents only flow through the power leads (phase and neutral), whereas the common-mode 

noise currents also flows through the external ground reference plane. Notice also that, in this 

case, the common-mode and differential-mode currents add together when flowing through the 

LISN impedance that is connected to the phase (hot) conductor and subtract from each other 

when flowing through the LISN impedance connected to the neutral conductor. If the power 

supply’s enclosure is not grounded, then the common-mode ground current will return through 

the capacitance of the power supply to ground. An open frame power supply (no metallic 

enclosure) is a good example of an ungrounded power supply where the capacitance to ground 

would constitute the common-mode return current path[21]. 

 

 

4.3.2 RadiatedEMI 

Radiated emissions refers to the unintentional release of electromagnetic energy from an 

electronic device or apparatus. Any electronic device may generate Electromagnetic fields that 

unintentionally propagate away from the device’s structure. It affects a power converter’s EMI 

signature at high frequencies. The upper test frequency is much above that for conducted 

emissions. For instance, once high-frequency signals are generated inside a system, and the 

structure or layout of the system provides excellent antenna characteristics, the signals will use 

those parasitic antennas and radiate from the system into the air (Typical example, photovoltaic 

solar generation system). Thus, the source radiates an electromagnetic wave which propagates 

across the open space between the source and the victim and is received by the victim 

[22].However in this research, we only focus primarily on conducted emission. 

 

 

4.3.3 Consideration of EMI in aGroup of PEI 

The development of the smart grid usually requires application of a large number of power 

electronic interfaces connected in relatively small areas. Literally, application should have 

taken consideration of the influence of aggregated interference introduced into the electric grid 

by a group of converters rather than electromagnetic emission of single items of equipment. 

However, EMI measuring practice shows that producers limit themselves to carrying out 

measurements according to standards neglecting analyses and investigations concerning 

external and internal electromagnetic compatibility of a group of converters. There is a lack of 

such kind of investigations in standards as in the subject matter literature. Therefore, research 

on aggregated EMI in inverters network has become explicitly the main subject target in this 

research.   

 

Investigations in [23-26] show that measuring multi-converter systems with non-linear load 

induction motors controlled by VFD. Results indicate the frequency of the oscillatory mode is 

determined by the values of residual, parasitic parameters of the CM current path. The CM 

currents split according to the proportion of HF impedance of a PE cable wire (or shield) and 

HF impedance of the grounding arrangement between the grounding points of the inverter and 

the motor. The main return path for the CM currents passes via the heatsink to DC link 

capacitance [27, 28].  
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Figure 6: Aggregated EMI experiment setup 

 

The CM current causes a CM voltage drop on heatsink to DC link capacitance. In a blocking 

state of the diodes of the rectifier circuit (see figure 3), only a small HF part of this current 

flows through the parasitic capacitance of the diode and converter supply arrangement. In the 

conduction state, this voltage drop causes oscillation of small amplitude and relatively low 

frequency in a closed loop consisting of a DC-link-to-heatsink capacitance and the resultant 

inductance of the mains (or LISN), the cable and the input filter. The paper concludes the bigger 

the number of the operated converters the higher maximum level of the measured noise current. 

However, modulation envelope causes the decreasing of the interference level below those 

measured in a case of the single drive. 

 

In [29], similar studies done on a group of power converters, However, a method for the 

attenuation characteristics of electromagnetic interference (EMI) filters for multiple power 

converters connected to same power line has been investigated. The analysis results indicate 

that increase of the conducted EMI noise may occur, because the cut-off frequencies of the 

EMI-filter are varied according to the number of power converters. A mathematical solution 

for the cut-off frequencies is derived by simplification of the circuit configuration based on 

Thevenin's theorem. The analysis results indicate that the overall attenuation characteristics of 

multiple EMI filters deteriorate depending on the number of converters. Finally, the author 

derived a design method of EMI filters to solve such noise in multi-converter system. 

 

Also, work indicated in paper [30] highlighted that a complex system shall take into account 

the possible interactions between converters and between converters and system (e.g. traction 

line), because it could be responsible for significant variations in harmonic. Instead, description 

of a method for deterministic frequency-domain harmonics calculation in multi-converter dc 

electric rail systems has been presented. The method allows the integrated simultaneous 

solution of the system. Interactions between various apparatus with regard to disturbances 

generation and propagation in it system. In [31],  a multi-converter system stability conditions 

were investigated, it happened due voltage across it respectively decreases or increases. Hence, 

conventional mathematical model derived using state-space averaging method to calculate 

system stability. Overall, evident proven that multi-converter system possess interference 

problems that is worth further investigation. 
 

 

4.3.4 Mitigation Techniques for Sources of Conducted EMI 

To effectively mitigate conducted emissions, it is imperative to address the EMI noises 

separately. Solutions for DM noise will not eliminate CM noise. DM noise can usually be 
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suppressed by connecting bypass capacitors directly between the power supply and return lines. 

The lines that require filtering maybe those located at the input or the output of the Power 

supply[32]. 

 

The bypass capacitors on these lines need to be physically located adjacent to the terminals of 

the noise generating source to be most effective, mainly for efficient attenuation of differential-

mode currents at high frequencies. Attenuation at lower frequencies of DM currents may be a 

much higher value of bypass capacitance and cannot be attained with a ceramic style capacitor. 

Ceramic capacitors up to 22𝜇𝐹  may be suitable for DM filtering across the lower voltage 

outputs of PEI but not ideal for inputs where 100-volt surges can be experienced. For these 

applications, electrolytic capacitors are employed because of their high capacitance and voltage 

ratings. 

 

DM input EMI filters usually consist of a combination of electrolytic and ceramic capacitors 

to suitably attenuate DM current both at the lower fundamental switching frequency as well as 

at, the higher harmonic frequencies. Further suppression of DM currents can be achieved by 

adding an inductor in series with the main Power feed to form a single-stage L-C differential-

mode low pass EMI filter with the bypass capacitor. CM conducted currents are effectively 

suppressed by connecting bypass capacitors between each power line of the supply and ground. 

These power lines may be at the input and the output of the Power supply. Further suppression 

of CM currents can be achieved by adding a pair of coupled choke inductors in series with each 

main power feed. The high impedance of the coupled choke inductors to exiting CM currents 

forces those currents through the bypass capacitors[7]. 

 

Additionally, radiated EMI can be suppressed by reducing radio frequency (RF) impedance 

and lowering the antenna loop area, which is done by minimizing the enclosed loop area formed 

by the power line and its return path. The inductance of a printed circuit board track can be 

reduced by making it as wide as possible and routing it parallel to its return path. Similarly, 

because the impedance of a wire loop is proportional to its area, reducing the area between the 

Power line and its return Path will further reduce its impedance. Within printed circuit boards 

this area can be best reduced by placing the Power line and return path one above the other on 

adjacent printed circuit board layers.  

 

Recall that reducing the loop area between a Power line and its return path not only reduces 

the RF impedance but also reduces the effectiveness of the antenna because the smaller loop 

area produces a reduced EM field. A ground plane located on the outer surfaces of the printed 

circuit board, mainly if located directly below the noise generating source, suppresses radiated 

EMI significantly. To further reduce radiated noise, metal shielding can be utilized to contain 

radiation. This is achieved by placing the noise generating source within a grounded conductive 

housing. 

 

 

Research Summary from Work Package 6 (WP6) 

The research done by work package 6 (WP6-UZ) focuses on the switch control strategies in a 

DC-DC system (modeling and simulation), this section elaborates techniques about spread 

spectrum, sharing spectrum in order to reduce EMI noise. Primary results indicate randomized 

switching (SDM) strategies is better utilization of the available harmonic as compared with 

deterministic switching strategies (DSM), the effect of randomization modulation has 

decreased the discrete component and show a smooth continuous spectrum in the spectrum 
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window as being simulated through MATLAB Simulink. DSM has shown to suppress the 

specified frequency components more effectively.  

 

SDM strategies are also used to attenuate the discrete EMI noise spectrum, equal to RPWM 

and to create spectral nulls at specified frequencies, based on a feedback control circuit. The 

spectral-null strategy may suit for low frequencies applications.  Thus, switch control strategies 

with spectrum-sharing and spread spectrum techniques is not merely a way to take advantage 

of existing regulations, but also a flexible approach to minimizing EMI undesirable effects.  

Using these switch modulation strategies to implement EMI noise shaping, thus lowering 

maximum levels of EMI noise, caused by even harmonics interference over frequency range 

in the case of RPWM and DSM. However, these techniques of interference does not guarantee 

to reduce the noise waveforms in the time domain. There are also losses reside in the system, 

these losses, due such as the characteristics of power transistors, control signals, gate drives, 

stray parameters, and operating points of the systems, according to deep investigation presented 

in section 5.1 to 5.4 (Deliverable Report D6.1). 

 

It is also highlighted that in order to implement the proposed switch modulation strategies more 

effectively. The switching frequency and modulation strategies should be determined based on 

ripple magnitude on the output voltage, total losses, ambient temperature and thermal 

resistance between power switches. The switching time can be chosen considering the 

switching losses, maximum dv/dt or di/dt values of power switches, overvoltage, and leakage 

current magnitudes which affect passive EMI filter size and cost. 

 

Throughout this work on modulation strategies, DC-DC converter has been adequately 

described yet simulation of DC-DC converter has been done in the NI-Lab VIEW development 

environment. According to section 5.4, it is shown the operation principle of a switched-mode 

power supply that in its most basic form uses two switches (a transistor and a diode) together 

with an inductor and a capacitor. The switching of the transistor either connects the inductor to 

the input voltage (on-state) to store energy in the inductor or allows the inductor to discharge 

into the load (off-state). By controlling the on-state and off-state times, the input voltage is 

lowered to the desired level. The two basic modes of operation of the converter are Continuous 

Conduction mode (CCM) and Discontinuous Conduction Mode (DCM). The converter 

operates in CCM if the current through the inductor never falls to zero during the commutation 

cycle and in DCM if it does. 

 

 
Figure 7: Typical basic design of Buck Converter 

 

Besides, the author has used mathematical equations to describe the behavior and also make 

easier to understand the dynamic behavior of inductor and capacitor in a converter in the CCM 

mode. For a fixed Inductor`s inductance value, it is shown the inductor current is the function 

of time, in which defined by the control of duty cycle, Similarly, the voltage of the capacitor is 

linearly affected by the duty cycle of the modulation. Lastly, using the MATLAB Simulink 
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function, it is shown the output voltage level being achieved through the circuit described 

above.  

 

In the next section, concern of overcrowded EM spectrum is highlighted, and PEI is the culprit 

for the EMI issue in our environment. Thus, switch control strategies section presents 

comprehensive modulation method of spectrum sharing and how it reduces EMI noise at the 

design stage of a product development. A brief study of switch control strategies reveals that 

the RPWM techniques allow the elimination of the harmonics in spikes, resulting in a 

continuous spectrum of EMI noise. Besides, the SDM introduces a continuous spectrum of 

EMI noise, but it also allows the removal of EMI noise at a specific range of frequencies. Figure 

8 presents the superimposed spectrum generated by the PWM, RPWM and SDM plotted in the 

defined range up to 500kHz . Typically, this range of frequency is used in the industry 

environments for sensitive telecommunication devices. 

 

 
Figure 8: EMI noise spectrum comparison  

 

Figure 8shows that considering the PWM with high dB peaks corresponding to the switching 

frequency and their multiple harmonics. Both RPWM and SDM modulations introduce EMI 

noise shape from the frequency spectrum continuously. However, SDM enables alternate 

communication channels by producing spectral nulls at the switching frequency and their 

multiple primary harmonics (red plot). 

 

From the EMC point of view, in an EM environment that comprises multiple 

telecommunication devices that occupies a specific spectrum bands for communication. This 

situation can be benefited from spectrum-sharing strategies or spread spectrum instead of 

existing standard modulation strategies. In this context, through the simulation of 

complementary cumulative distribution (CCD) shown in figure 9, we can know the probability 

of a signal's instantaneous power at specific noise level above its average power. The 

measurement of CCD can validate the adoption of spread-spectrum or spectrum-sharing 

techniques in limited frequency band environments. This initial plot enables to know how much 
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the signal power will exceed its average, and what`s is the probability of occurrence across the 

desired frequency band, which can be very useful for PEI designs in Smart Cities environments. 

Figure 9 shows the CCD of EMI noises analyzed based on result in figure 8. 

 

 
Figure 9: Comparison of PWM, RPWM and SDM in the Complementary Cumulative 

Distribution(CCM) graph 

 

Figure 9 presents the relationship between probability (%) versus dB above-average power. 

Despite presented high dB peaks, the EMI noise shape with PWM, when analyzed over the 

whole spectrum, maintains an almost linearity, with a lower probability for high dB values. 

RPWM follows PWM trend at low-frequency band. As the dB increases, the probability 

decreases generally. However, it can be seen that SDM shows lower dB average power 

compared to the other two trend lines. Hence, it reduces dB losses values in these specific 

harmonic spikes range.  

 

 

4.4.1 Switch Modulation Strategies 

Figure 10 shows an efficient controller which has a feedback signal constructed in a closed 

loop. This can be applied to switching control strategy. The intention is to control interference 

level resulted from this waveform transformation process.  

 

 
Figure 10: Power converter with closed-loop control via modulation 

 

It is shown the waveforms of the desired steady-state for controlled voltages or currents are 

combined with these reference values to determine its switching function𝑠𝑓(𝑡). In this case, this 

switch modulation with feedback can perform conversion specification related to their EMI 

environmental more effectively. Often, harmonic contents are mitigated by the use of EMI 
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filters, example passive filter that is massive and costly. Hence, by varying the switching 

frequency provide another option to mitigate the harmonic content through spread spectrum 

techniques. 

 

Spread-spectrum based on PWM techniques achieve EMI noise reduction technique and 

emerge as a promising and very effective solution to comply with EMC standards [33, 34]. The 

two most popular methods in this context were reviewed in this prospective review paper: the 

deterministic PWM (programmed switching) and randomized PWM (RPWM). The core 

difference of these approaches is that the effect of the randomization introduces a continuous 

EMI noise. On the other hand, the sigma-delta modulation (SDM) strategies are also used to 

attenuate the discrete EMI noise spectrum. Also, to create spectral nulls at specified 

frequencies, based on a feedback control circuit that measure, amplify, and digitizes the 

difference between the output voltage of the converter and the reference voltage, to generate 

the control signal for the power transistor driver. Thus, switch modulation strategies is chosen 

to improve the EMC compliance in this context of study. 

 

 

4.4.2 Deterministic Modulation 

The most traditional method is the PWM approach. Consider a DC-DC converter. Basically, 

the transistor switch is designed to “cut” the DC waveform into a pulse waveform. The values 

alternate at specific voltage and zero at the switching frequency, this process is called the duty 

cycle. Typically, the waveforms from PEI are periodic functions of time in the steady-state. 

Figure 11(a) shows the 𝐷 of 𝑠𝑓(𝑡) that determines the nominal output of a DC-DC converter. 

 

 
Figure 11: Nominal switching function𝑠𝑓(𝑡), and sample state variable𝑖(𝑡), in two types of 

power converter: (a) DC-DC converter operating with duty ratio 𝐷(b) DC-AC converter. 

 

Figure 11(b) shows that the nominal waveform in the case of single-phase DC-AC converter 

that is periodic with the fundamental corresponding to the slow AC waveform that is being 

synthesized. In the case of three or more phase systems, named “PolyPhase Systems” the so-

called space vector modulation is used whereby all three phases are generated in a coordinated 

fashion [35-37]. 

 

We know that in the standard PWM strategy with programmed switching frequency, the 

harmonics usually occur at fixed and well-defined frequencies and are thus named “discrete 

harmonics.” Conversely, the concept of frequency modulation techniques such as this 

deterministic modulation is based on the modulating the original constant clock frequency to 
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spread the energy of every single harmonic into the well-defined frequencies, thus reducing the 

peak amplitude of EMI at harmonic frequencies. 

 

 
Figure 12: EMI Noise shape of output voltage with switching frequency70𝑘𝐻𝑧: (a) Spectrum 

(b) Spectrogram. 

 

Figure 12(a) shows the spectrum and figure 12(b) shows the spectrogram of EMI noise shape 

of voltage output for a standard PWM with programmed switching frequency of 70kHzin a 

Buck-Converter with 𝐷 = 0.50. It is done in the Simscape library from MATLAB. In both 

figures, the switching frequency of 70kHz generated significant EMI noise shape as well as its 

harmonic contents at multiple of 70kHz. With some preliminary results with this modulation 

strategy, the main idea next is to implement it in the attempt to spread equally the noise peak 

value along the whole frequency spectrum. However, this strategy does not provide any control 

over the bands where EMI energy is spread. More evaluation will be conducted later about this 

section. 

 

 

4.4.3 Random Modulation 

To counter discrete noise (harmonics) peak in deterministic modulation techniques. Random 

modulation concept here can lower the harmonic peaks over a wide range of frequencies or 

generally quasi-linear. The strategy of most randomized modulation is based on schemes in 

which successive randomizations of the switching pulse train (or of the periodic segments of 

this pulse train) are statistically independent and governed by invariant probabilistic rules. 
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Therefore, the randomized modulation strategy must enable precise control of the time-domain 

performance of randomized switching. The elemental analysis problem in randomized 

modulation is to relate the spectral characteristics of𝑠𝑓(𝑡), and other associated waveforms in a 

converter to the probabilistic structure that governs the dithering of an underlying deterministic 

nominal switching pattern. 

 

A random signal may be thought of as a signal selected from an ensemble (family) of possible 

signals by a random experiment governed by some specification of probabilistic structure. The 

group of signals and the specification of probabilities together comprise the random process 

(or stochastic process) generating the random signal[38][39]. According to [40], randomized 

modulation strategy could be characterized by invariant deterministic and probabilistic 

structure below 

 

• The nominal or reference on-off a pattern that is being dithered does not change from 

one switching cycle to the next. 

• There are no variations in the requirements on average quantities such as the duty ratio 

• At each new cycle, the same probabilistic structure is used. The dithering (in time) is 

based on independent trials. 

 

 
Figure 13: (a) The nominal switching function𝑠𝑓(𝑡)(b) the pulse𝑢𝑘(𝑡 − 𝜉𝑘) representing 𝑘 

cycles of 𝑠𝑓(𝑡) 

 

In figure 13, 𝜉𝑘is the time at which the 𝑘 cycle starts. 𝑇𝑘 is the duration of the𝑘 cycle. 𝑎𝑘 is the 

duration of the on-state within this 𝑘 cycle and휀𝑘 is the delay to the turn-on within the 𝑘 cycle. 

The duty ratio can be expressed by𝑑𝑘 = 𝑎𝑘/𝑇𝑘   and 𝑠𝑓(𝑡)  consists of a concatenation of 𝑘 

cycles. According[41][42-44], some combinations used in power converts are: 

 

• Randomized Pulse Point Modulation (RPPM): 휀𝑘 changes.𝑇𝑘  and 𝑎𝑘is fixed 

• RPWM: 𝑎𝑘 changes. 휀𝑘 = 0. 𝑇𝑘  is fixed 

• Simplified Asynchronous Modulation: 𝑇𝑘  changes. 𝑎𝑘 is fixed 

• Asynchronous Modulation: 𝑇𝑘  changes. 휀𝑘 = 0. 𝑑𝑘 is fixed. 
 

With 𝑢𝑘(𝑡 − 𝜉𝑘)denoting the single pulse waveform, we can write the switching function as 

 
 

𝑠𝑓(𝑡) = ∑ 𝑢𝑘(𝑡 − 𝜉𝑘)

∞

𝑘=−∞

 
(1) 

 

where𝑈𝑘𝑓denote the Fourier transform of𝑢𝑘(𝑡). The power spectrum of 𝑠𝑓(𝑡)can be computed 

according to procedures described in[41, 45, 46] and takes its Fourier transform. Alternatively, 

one could derive the power-spectrum using the Wiener–Khintchine relation[38]as given below 
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𝑆𝑞(𝑓) =
1

𝑇
∑ 𝐸[𝑈0(𝑓)𝑈𝑘

∗(𝑓)𝑒𝑗2Π𝑓(𝜉𝑘−𝜉0)]

∞

𝑘=−∞

 
(2) 

 

Where𝑇=𝐸[𝑇𝑘] which is the expected duration of a cycle. It is obvious that 𝑈𝑘𝑓 is a function 

of 휀𝑘 , 𝑎𝑘 , 𝑑𝑘 and𝑇𝑘. The following figures depict the spectrum comparison of EMI noise shape 

for a standard PWM and RPWM. It is set at switching frequency 70kHz implemented in one 

Buck-Converter with 𝐷 = 0.50, it is done in compliance with the CISPR A standard.  

 

 
Figure 14: EMI Noise shape of output voltage: (a) Spectrum for PWM and RPWM (b) 

Spectrogram for RPWM. 

 

Figure 14(b) shows the EMI noise spectrogram for the RPWM, the randomization process 

introduces continuous EMI noise shape, which it follows oscillatory mode with each noise 

value decreasing across the spectrum [38, 42]. It is essential to note that the PWM and RPWM 

could be considered as complementary techniques, since the process to generate control signal 

is basically the same, only with difference on the comparator reference; triangular waveform 

(in case of PWM) or random distribution (in case of RPWM).  
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4.4.4 Sigma-Delta Modulation (SDM) 

Sigma-Delta Modulation operates in this control strategy to generate control signal based on 

three functional blocks as shown in figure 15. The block diagram consists of the subtract block 

(delta), the integrator block (sigma) and the quantizer. 

 
Figure 15: Block diagram of Sigma–Delta Modulator 

 

In the analogy shown, this modulator uses a high gain loop to digitize the input signal 𝑥. The 

integrator block contributes the gain 𝐴 . 𝐴  is very large in the low-frequency band and 

attenuates according to switching frequency, and their multiple harmonics arises. This means 

that the output of the modulator almost equals the input signal 𝑥 in the low-frequency band and 

differs much with it in the high-frequency band [45, 46]. In the frequency domain, the 

undesired contents are moved out from the low-frequency band to the high-frequency band. In 

the low-frequency band, the transfer function of the sigma-delta modulator can expressed as 

 
 

y =
𝐴

𝐴 + 1
𝑥 +

𝐴

𝐴 + 1
𝑒 ≈ 𝑥 +

1

𝐴
𝑒 

(3) 

 

where 𝑒 is a quantization error.  

 

The feedback control circuit amplifies the feedback signal, then digitizes the difference 

between the output voltage of the converter and the reference voltage, this is crucial process to 

generate the control signal for the power transistor driver. Also, the frequency compensator 

makes sure that the closed-loop has enough phase margin to maintain the stability of the DC-

DC converter. Figure 16shows the spectrum of EMI noise shape of voltage output for a 

standard PWM strategy and for SDM with the switching frequency of 70kHz implemented in 

one Buck-Converter with 𝐷 = 0.50 in MATLAB. Figure 16(b) shows the spectrogram of EMI 

noise shape of voltage output for SDM. SDM creates communication channels by producing 

spectral nulls at the switching frequency and their multiple primary harmonics. At the same 

time, it maintains the continuous spectrum and low noise levels, similarly to the RPWM. 
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Figure 16: EMI Noise shape of output voltage: (a) Spectrum for PWM and SDM(b) 

Spectrogram for SDM. 

 

 

4.4.5 Markov Chains Embedded Modulation 

This part reviews the definitions of Markov Chain. Generally, a switching waveform segment 

of length𝑇𝑘  is associated with the Markov chain being in the𝑘  states, where𝑘 ∈ 1,… , 𝐾. 
Concatenation of these segments yields a continuous-time switching (0-1) waveform𝑠𝑓(𝑡), that 

is associated with the evolution of the chain. There are two classifications; infinitely many 

irreducible states which is called ergodic, and another is aperiodic (no periodic states). 

 

In this case, a limiting state probabilities exist, the limiting state probability Π𝑘 of the state𝑘 

being the probability that the chain is in state 𝑘, after a great many state transitions. This 

quantity is independent of the initial state under ergodicity assumptions.The switching 

waveform 𝑠𝑓(𝑡) is given by 

 
 

𝑠𝑓(𝑡) = ∑ 𝑢𝑋𝑖(𝑡 − 𝜉𝑖)

∞

𝑖=−∞

. 
(4) 

 

where 𝜉𝑖  denotes the transition (cycle beginning) and 𝑋𝑖 denotes the state of the Markov chain 

in that cycle. The length of 𝑖 the interval is 𝜏𝑖 = 𝜉𝑖+1 − 𝜉𝑖, and its possible lengths are the state-

dependent [38, 41, 47] 

A 

B 
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The concept of ergodic Markov chains (i.e., irreducible and aperiodic chains) is broadly used 

to analyze the continuous-time switching related with a 𝐾-state discrete-time Markov chain. 

The chain is characterized by the 𝐾 x 𝐾 state transition matrix 𝑃 and by the corresponding 

steady-state probability vectorΠ . The switching cycles generated in different states with 

different lengths𝑇𝑘, can be allowed, but require that these be integer multiples of a greatest 

common divisor�̂� (i.e., 𝑇𝑘 = ℓ𝑘�̂�, ℓ ∈ ℕ). 

 
 

�̃� = ∑ Π𝑘T𝑘
𝐾

𝑘=1
 

(5) 

 

�̃� is the expected time between state transition. Let the (0–1) waveform in the switching cycle 

of durationT𝑘 , associated with state𝑘, be u𝑘(∙), and let 𝑢(∙) be a 𝐾-vector with entries u𝑘(∙
).There is another detailed derivation of spectral formulas to find the autocorrelation of the 

continuous-time waveform generated by the Markov chain. To that order, 𝑈(𝑓) is the Fourier 

transform of the 𝐾 -vector 𝑢(∙)  of waveforms u𝑘(∙)  associated with various states; Θ =

𝑑𝑖𝑎𝑔(Π); �̂�(𝑓) = 𝑑𝑖𝑎𝑔(𝑒−𝑗2Π𝑓𝑇𝑘)𝑃; G(𝑓) = (𝐼 − �̂�(𝑓))−1(where defined). The result of the 

continuous power spectrum is given [28], [59], [60] 

 
 

𝑆𝑐𝑞(𝑓) =
1

�̃�
𝑈(𝑓)𝐻[Θ𝐺(𝑓) + (Θ𝐺(𝑓))

𝐻
− Θ]𝑈(𝑓) 

(6) 

 

While the result for the intensities of the impulse in discrete spectrum is given 

 
 

𝑆𝑑𝑞 (
𝑘

�̂�
) =  

1

�̃�2
|Π𝑈 (

𝑘

�̂�
)|
2

,          𝑘 ∈ ℕ.  
(7) 

 

Now, let introduces Markov chain into switching modulation. Suppose we have two different 

duty ratios𝐷in a DC-DC buck converter. Given one situation of Long 𝐿 with𝐷 = 0.75 and 

short 𝑆 with𝐷 = 0.25. Despite the duty ratios D have an average value of 0.5, we want to 

discourage long sequences of pulses of the same kind, thus preventing ripple buildup[48]. The 

controller observes the two most recent switching cycles, if is either𝑆𝐿 or 𝐿𝑆, then then pulse 

is fired with probability 0.5 for the next cycle. If the pair observed is 𝐿𝐿, then a𝑆 pulse is 

applied with probability 0.75 (𝐿 pulse with probability 0.25). If the pair observed is 𝑆𝑆, then 

a𝐿 pulse is applied with probability 0.75 (𝑆 pulse with probability 0.25). This chain is presented 

in figure 17. As being illustrated, the switching waveform, 𝑠𝑓(𝑡) , is generated by piecing 

together switching cycles(𝑢𝑘(𝑡)), which corresponds to the 𝐾-states, successively visited by 

the chain at𝑘 ∈ (1, … , 4). We also defined 𝑃 as 4 x 4 state-transition matrix, and its the (𝑘, 𝑙) 
entry the probability that at the next transition the chain goes to state the 𝑙, given that it is 

currently in state 𝑘: 

 
 

𝑃 =  [

1/4 3/4 0     0
0 0 1/2 1/2

1/2
0

1/2
0

0
3/4

0
1/4

] 

(8) 

 

Note that each row of𝑃 sums to 1,𝑃 is thus a stochastic matrix and therefore has a non-repeated 

eigenvalue 𝜆1 = 1 , (with corresponding right eigenvector 14 = [1111]𝑇 ) and all other 

eigenvalues with moduli strictly less than 1. The steady-state probabilities corresponding to𝑃 
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which can be interpreted as the fraction of a (large) total number of state transitions that the 

chain spends in state 𝑘, and can be expressed as 

 
 

Π𝑃 =  Π,       ∑ Π𝑘 = 1

4

𝑘=1

 

(9) 

 

WhereΠ = [0.2 0.3 0.3 0.2]. 
 

Thus, Π is the left eigenvector of𝑃, it corresponds to eigenvalue 𝜆1 = 1. For later use, we 

define the vector 𝑢(∙)  of switching cycles wherein the example u1(𝑡) = 1 , for 0 ≤ 𝑡 ≤
(3/4)𝑇, and u1(𝑡) = 0, for (3/4)𝑇 ≤ 𝑡 ≤ 𝑇, etc. For complete literature can refer[41][42, 44] 

 

 
Figure 17: Concept of Switching Governed by a Markov Chain 

 

Finally, a conclusion is drawn that suggests a decomposition of the Markov chain optimization 

problem leads into two subproblems: 

 

• The transition matrix optimization, and it is concerned mostly with time-domain 

requirements (ripple control), and to a certain extent with the wide-band constraints in the 

frequency domain. 

• The optimization of the waveforms at each state, and its primary effects are in satisfying 

the narrow-band requirements. The proposed decomposition could significantly improve 

the tractability of the optimization of Markov chains with many states. 
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Power Electronic Interface (PEI) in Electrical Network 

 

Power converteris one very common power electronic device nowadays. They are used 

extensively in consumer and industrial equipment such as personal computers and battery 

chargers. These systems require fast switching waveforms with high di/dt and dv/dt to ensure 

good power delivery efficiently. These fast switching frequencies have a detrimental effect on 

electromagnetic compatibility (EMC) because of conducted electromagnetic interference 

(EMI) to the power line. For instance, high-frequency switching components can be drawn 

from the AC power line if sufficient EMI filtering is not present. 

 

Figure 18 shows a switching power supply that draws power from an AC line. The AC line 

voltage is rectified and a large bus capacitor, CBUS, creates a bus voltage. The bus capacitor 

voltage will have 100 Hz ripple due to the operation of the full-wave rectifier. The switching 

supply then chops the bus voltage at a very high frequency (that is, compared to the 50-Hz line 

frequency). The line current contains harmonics of the 50-Hz line frequency, as well as high-

frequency inter-harmonics from the switching power supply[49]. 

 

 
Figure 18: Diagram switching power supply that draws high frequency component from the 

AC power line 

 

Through design combinations of switching methods and EMI filtering, we can reduce but never 

completely eliminate the high frequencies injected into the AC line. These harmonics injected 

into the AC line are sometimes called “conducted emissions.” Another effect of high frequency 

harmonics injected onto the AC line is that the AC line will now radiate electromagnetic 

interference. 

 

Conducted EMI can also result in radiated EMI/noise, since a primary source of radiated EMI 

is current in the AC power leads. In recent years, the United States and Europe have placed 

stringent requirements on the harmonic pollution injected into power lines. In this chapter, we 

will discuss high-frequency power supply issues and other technical challenges related to 

harmonic injection and EMI. 

 

 

DC-AC Inverter 

The process of transferring power from a DC supply to an AC load is known as inversion, and 

the necessary form of converter is usually known as an inverter. Inverters can be classed 

according to their manner of commutation, that is, by the process by which conducting switches 

are extinguished. We know that the devices are switched in numerical order. Example, a 

voltage source inverter is best suited to loads that have a high impedance to harmonic currents, 

such as a series tuned circuit or an induction motor. The series inductance of such loads often 

results in operation at low power factors[50]. 
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Figure 19: General switches for switching circuit of voltage source inverter 

 

In each case the frequency of the generated voltages depends on the frequency of gating of the 

switches and the waveforms of the generated voltages depend on the inverter switching mode. 

The waveforms of the associated circuit currents depend on the load impedances. An invariable 

requirement in three phase systems is that the three-phase output voltages be identical in form 

but phase displaced by 120o electrical from each other. This does not necessarily create a 

balanced set of load voltages, in the sinusoidal sense of summing to zero at every instant of the 

cycle, but it reduces the possibility of gross voltage unbalance[49]. 

 

 
Figure 20: Circuit of voltage source inverter: 

 

For the purpose of voltage waveform fabrication it is convenient to switch the adjacent 

transistor pair sequentially at intervals of 60 o electrical or one-sixth of a period. The use of a 

dc supply having equal positive and negative voltage values Vdc is common. The zero point of 

the dc supply is known as the supply zero pole but is not grounded. For instance in a three 

phase inverter as shown in figure 20, if two switches conduct at any instant, a suitable switching 

pattern in no-load condition. The devices are switched in numerical order, and each remains in 

conduction for 120o electrical. Phase voltages VAN, VBC, and VCN consist of rectangular pulses 

of height ±Vdc. If equal resistors R are now connected in star to the load terminals A, B, and 

C, the conduction pattern of figure21 ensues for the first half period. 
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Figure 21: Current conduction pattern for the case of two simultaneously conducting 

switches (a) 0 < 𝜔𝑡 < 60𝑜, (b) 60 < 𝜔𝑡 < 120𝑜, and (c) 120 < 𝜔𝑡 < 180𝑜 

 

In interval 0 < 𝜔𝑡 < 𝜋/3 

 𝑉𝐴𝑁 = −𝐼𝐿𝑅=-
2𝑉𝑑𝑐

2𝑅
𝑅 = −𝑉𝑑𝑐 

 

𝑉𝐵𝑁 = 0 

 

𝑉𝐶𝑁 = 𝐼𝐿𝑅=
2𝑉𝑑𝑐

2𝑅
𝑅 = +𝑉𝑑𝑐 

 

𝑉𝐴𝐵 = 𝑉𝐴𝑁 + 𝑉𝑁𝐵 = 𝑉𝐴𝑁 − 𝑉𝐵𝑁 = −𝑉𝑑𝑐 

(10) 

 

 

In the interval 𝜋/3 < 𝜔𝑡 < 2𝜋/3, 

 𝑉𝐴𝑁 = 0 

 

𝑉𝐵𝑁 = 𝐼𝐿𝑅 = +𝑉𝑑𝑐 
 

𝑉𝐶𝑁 = 𝐼𝐿𝑅 = +𝑉𝑑𝑐 
 

𝑉𝐴𝐵 = +𝑉𝑑𝑐 

(11) 

 

In the interval 2𝜋/3 < 𝜔𝑡 < 𝜋, 

 𝑉𝐴𝑁 = 𝐼𝐿𝑅 = +𝑉𝑑𝑐 
 

𝑉𝐵𝑁 = 𝐼𝐿𝑅 = −𝑉𝑑𝑐 
 

𝑉𝐶𝑁 = 0 

 

𝑉𝐴𝐵 = 2𝑉𝑑𝑐 

(12) 

 

For each interval it is seen that the load current during conduction is 

 
𝐼𝐿 =

±2𝑉𝑑𝑐
2𝑅

= ±
𝑉𝑑𝑐
𝑅

 
(13) 
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Figure: 22: Load voltage waveforms with two simultaneously conducting switches. No load 

connected 

 

For this particular mode of switching the load voltage and current waveforms with star-

connected resistive load are therefore identical with the pattern of the open-circuit voltages. 

The potential of load neutral point N is always midway between +𝑉𝑑𝑐and −𝑉𝑑𝑐and therefore 

coincides with the potential of the supply midpoint 0. Phase voltage waveform VAN in figure22 

is given by an expression 

 

 
𝑉𝐴𝑁 = (𝜔𝑡) = 𝑉𝑑𝑐 |

240𝑜

120𝑜
−𝑉𝑑𝑐|

60𝑜 , 360𝑜

0 , 300𝑜
 

(14) 

 

This has the rms value 

 

 

𝑉𝐴𝑁 = √
1

2𝜋
∫ 𝑉𝐴𝑁

2
2𝜋

0

(𝜔𝑡)𝑑𝜔𝑡 = √
2

3
𝑉𝑑𝑐 = 0.816𝑉𝑑𝑐 

(15) 

 

The fundamental Fourier coefficients of waveform VAN (𝜔𝑡)are found to be 

 

 𝑎1 =
1

𝜋
∫ 𝑉𝐴𝑁
2𝜋

0
(𝜔𝑡)cos(𝜔𝑡) 𝑑𝜔𝑡= −

2√3

𝜋
𝑉𝑑𝑐 

(16) 

 

 𝑏1 =
1

𝜋
∫ 𝑉𝐴𝑁
2𝜋

0
(𝜔𝑡)sin(𝜔𝑡) 𝑑𝜔𝑡= 0 (17) 
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𝐶1 = √𝑎1

2 + 𝑏1
2 = 𝑎1 = −

2√3

𝜋
𝑉𝑑𝑐 

(18) 

 

 𝛹1 = tan
−1
𝑎1
𝑏1
=  tan−1(−∞) = −90𝑜 (19) 

 

It is seen from eq. (18) and (19) that the fundamental (supply frequency) component of the 

phase voltages has a peak value (2√3/𝜋) Vdc, or 1.1Vdc with its origin delayed by 90o. This 

(2√3/𝜋)Vdc fundamental component waveform is sketched in figure 22 . 

 

The distortion factor of the phase voltage is given by 

 

 
Distortion Factor =

𝑉𝐴𝑁1

𝑉𝐴𝑁
=

𝐶1
√2
⁄

𝑉𝐴𝑁
=

3

𝜋
 

(20) 

 

Line voltage VAB(𝜔𝑡) is defined by the relation 

 

 𝑉𝐴𝐵(𝜔𝑡) =

𝑉𝑑𝑐 |
120𝑜 , 240𝑜

60𝑜 , 180𝑜
−𝑉𝑑𝑐|

60𝑜 , 300𝑜

0 , 240𝑜
+2𝑉𝑑𝑐 |

180𝑜

120𝑜
−2𝑉𝑑𝑐|

360𝑜

300𝑜
 

(21) 

 

This is found to have fundamental frequency Fourier coefficients of value 

 

 
𝑎1 = −

3√3

𝜋
𝑉𝑑𝑐 

 

𝑏1 = +
3

𝜋
𝑉𝑑𝑐 

 

𝑐1 =
6

𝜋
𝑉𝑑𝑐 

 

𝛹1 = − tan
−1√3 = −60𝑜 

(22) 

 

The fundamental component of VAB (𝜔𝑡) is therefore given by 

 

 
𝑉𝐴𝐵1(𝜔𝑡) =

6

𝜋
𝑉𝑑𝑐 sin(𝜔𝑡 − 60

𝑜) 
(23) 

 

 

It is seen that VAB1 (𝜔𝑡) leads VAN1 (𝜔𝑡) by 30o, as in a balanced three phase system, and 

comparing eq. (18) and (22), the magnitude |VAB1| is √3 times the magnitude |VAN1|. 

 

With a firing pattern of two simultaneously conducting switches the load voltages are not 

retained with inductive load. Instead, the load voltages become irregular with dwell periods 

that differ with load phase-angle. Because of this, the pattern of two simultaneously conducting 

switches has only limited application. 
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Power Quality Issues 

This section discusses related power quality issue resulted from power electronic interfaces in 

power system. According to IEEE 1159 standard, power quality is defined as[50] 

 

“The concept of powering and grounding sensitive equipment in a manner that is suitable for 

the operation of that equipment.” 

 

Power quality is defined in the IEEE 100 Authoritative Dictionary of IEEE Standard Terms as  

 

“The concept of powering and grounding electronic equipment in a manner that is suitable to 

the operation of that equipment and compatible with the premise wiring system and other 

connected equipment.” 

 

Shown in figure 23 is a utility system feeder serving two customers. The utility source has 

resistance R and line reactance jXs. The resistance and reactance model the impedances of the 

utility source, any transformers and switchgear, and power cabling. Customer #1 on the line 

draws harmonic current Ih, as shown, perhaps by operating adjustable speed drives, arc 

furnaces, or other harmonic-creating systems. The voltage Customer #2 sees at the service 

entrance is the voltage at the “point of common coupling,” often abbreviated as “PCC.” The 

harmonics drawn by Customer #1 cause voltage distortion at the PCC, due to the voltage drop 

in the line resistance and reactance due to the harmonic current [49]. 

 

 
Figure 23: Harmonic-generating load causing voltage distortion at the point of common 

coupling (PCC). 

 

 

5.1.1 Notching 

We are aware that harmonics contents are created by non-linear loads draw nonsinusoidal 

current from a sinusoidal voltage source in system and CM noise generation is discussed in 

section 4.4.1. Notching is another common power quality events concerning rectifier inside 

almost all kind of PEI. Figure 24 is a single-phase rectifier with the line inductance Ls of each 

phase shown. Note that in the rectifier with usually a finite line inductance at the incoming 

supply, there is a finite switchover time from diode pair turning off to diode pair turning on. 

This notching adds undesirable harmonics of the load voltage and also reduces the average 

value of the load voltage[49][51][52].  
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Figure 24: Circuit of non-ideal single-phase full-wave rectifier with finite line inductance 

 

 
Figure 25: The output waveform of rectifier circuit in figure 21 

 

 

5.1.2 Non-Linear Load 

In section 4.3, it is mentioned how harmonics contents are created in a bridge rectifier circuit 

that draws nonsinusoidal current from a sinusoidal voltage source in system and also their 

implications. In this part is shown an example, nonlinear loads can result in high neutral 

currents in three-phase systems in a balanced system. These harmonics can result in neutral 

current that exceeds the individual phase current. Therefore, the magnitudes of the current in 

each phase are equal to one another. In most three-phase systems with nonlinear loads, the odd 

harmonics dominate the even harmonics. Mathematically, we can express the current in phases 

a, b and c as 

 
 

𝑖𝑎 = 𝐼1 sin(𝜔𝑡 − 𝜃1) + ∑ 𝐼𝑛 sin(𝑛𝜔𝑡 − 𝜃𝑛)

∞

𝑛=2𝑗+1

 

𝑖𝑏 = 𝐼1 sin(𝜔𝑡 − 𝜃1 − 120
𝑜) + ∑ 𝐼𝑛 sin(𝑛𝜔𝑡 − 𝜃𝑛 − 𝑛120

𝑜)

∞

𝑛=2𝑗+1

 

𝑖𝑐 = 𝐼1 sin(𝜔𝑡 − 𝜃1 − 240
𝑜) + ∑ 𝐼𝑛 sin(𝑛𝜔𝑡 − 𝜃𝑛 − 𝑛240

𝑜)

∞

𝑛=2𝑗+1

 

(24) 
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with j = 1, 2, 3, . . .. We see that I1 is the amplitude of the fundamental, and the Ins are the 

amplitudes of the odd harmonics. There are phase shifts, denoted by 𝜃𝑛 , for each of the 

harmonics as well. To further simplify matters, let’s next consider a load that produces only 

third-harmonic currents. In many three-phase circuits, the third harmonic is the dominant 

harmonic. In three-phase systems where there are third-harmonic currents, the 120-degree 

phase shift for the fundamental results in a 360-degree phase shift for the third harmonic. This 

means that the third-harmonic currents from each phase conductor are in phase with one 

another, and that the neutral current is equal to the sum of the third-harmonic amplitudes from 

each of the phases, or: 
 𝑖𝑛 = 3𝐼ℎ3 (25) 

 

where Ih3 is the amplitude of the third-harmonic current in each phase. We’ll next examine this 

phenomenon graphically, using a system that has a third-harmonic amplitude on each phase 

that is 30 percent of the fundamental. Shown in Figure 26(a) are the first and third harmonics 

of this phase conductor. Note that the peak of the 60 Hz fundamental is 1.0 amps, and the peak 

of the 180 Hz third harmonic is 0.3 amps. Shown in the bottom trace of figure 20 is the total 

phase-a current, which is the vector sum of the fundamental and third harmonic. Next, we add 

up the sum of the phase currents to get the total neutral current[49]. 

 
 𝑖𝑎 = (1.0) sin(𝜔𝑡) + (0.3)sin(3𝜔𝑡) 

 

𝑖𝑏 = (1.0) sin(𝜔𝑡 − 120
𝑜) + (0.3)sin(3𝜔𝑡 − (3) × 120𝑜) 

 

𝑖𝑐 = (1.0) sin(𝜔𝑡 − 240
𝑜) + (0.3)sin(3𝜔𝑡 − (3) × 240𝑜) 

 

𝑖𝑛 = 𝑖𝑎 + 𝑖𝑏 + 𝑖𝑐 = 0.9sin(3𝜔𝑡) 
 

(26) 

 
Figure 26: (a) Graph plot of the fundamental and third harmonic for phase (b) plot of vector 

sum of all harmonics current 

 

Note that the vector sum of the fundamental of the neutral current is zero. The vector sum of 

the third-harmonic neutral current is three times that of the third-harmonic amplitude of each 

phase[53]. 
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Total Harmonics Distortion (THD) 

Fourier analysis shows that any non-sinusoidal waveform can be expressed as a series 

containing a DC component and a sum of sine and cosine terms, with a fundamental frequency 

and multiples of the fundamental frequency, called harmonics. With a symmetrical waveform, 

there is no DC component and if the negative half-cycle is a mirror reflection of the positive 

half-cycle then there are no cosine terms, and only odd sine terms [54, 55]. In reality, an 

electrical network is never short of power quality issue such as harmonics presence, the 

harmonics disturbance depend on the severity of waveform distortion. Hence various different 

ways are used to define distortion for an alternating waveform. It is called the Total Harmonic 

Distortion (THD), is known best to define voltage distortion amount which it measures how 

much harmonic content there is in a waveform[50]. It is given as  

 
 

THD𝑣 =

√𝑉𝑟𝑚𝑠
2 − 𝑉1,𝑟𝑚𝑠

2

𝑉1,𝑟𝑚𝑠
 

(27) 

 

In addition, current distortion levels can be characterized by a THD value as has been same 

case for voltage distortion, it can be written 

 

 

IL is the peak, or maximum, demand load current at the fundamental frequency component 

measured at the point of common coupling (PCC). There are two ways to measure IL. With a 

load already in the system, it can be calculated as the average of the maximum demand current 

for the preceding 12 months. The calculation can simply be done by averaging the 12-month 

peak demand readings. For a new facility, IL has to be estimated based on the predicted load 

profiles[56]. 

 

A small current may have a high THD but not be a significant threat to the system. For example, 

many adjustable-speed drives will exhibit high THD values for the input current when they are 

operating at very light loads. This is not necessarily a significant concern because the 

magnitude of harmonic current is low, even though its relative current distortion is high[49].  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

THD𝐼 =

√∑ 𝐼ℎ
2ℎ𝑚𝑎𝑥

ℎ=2

𝐼𝐿
 

(28) 
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Multiconductor Transmision Line Theory (MTL) 

 

Conductors are not normally considered components; however, they do have performance of 

electronic circuits. In many cases, they are actually the most important component in the 

circuit. For conductors whose length is a small fraction of a wavelength, the two most important 

characteristics are resistance and inductance. Resistance should be obvious, but inductance is 

often overlooked, and in many cases, it is more important than resistance. Even at relatively 

low frequencies, a conductor usually has more inductive reactance than resistance. 

 

When conductors become long, that is, they become a significant fraction of the wavelength of 

the signals on them, they can no longer be represented as a simple lumped-parameter series R-

L network. Because of the phase shift that occurs as the signal travels down the conductor, the 

voltage and current will be different at different points along the conductor. At some points, 

the current (or voltage) will be a maximum, at other points the current (or voltage) will be a 

minimum, or possibly even zero. Therefore, the behavior of an impedance (resistance, 

inductance, or capacitance) will vary as a result of its location along the conductor. For 

example, a resistance located where the current is zero will have no voltage drop across it, 

whereas a resistance located where the current is a maximum will have a large voltage drop 

across it. Under these circumstances, the signal conductor and its return path must be 

considered together as a transmission line, and a distributed-parameter model of the line must 

be used. A common rule, when working in the frequency domain, is that the conductor should 

be treated as a transmission line if its length is greater than 1/10 of a wavelength, or in the case 

of a digital signal, in the time domain, when the signals rise time is less than twice the 

propagation delay (the reciprocal of the velocity of propagation) of the line[57]. 

 

A transmission line is a series of conductors, often but not necessarily two, used to guide 

electromagnetic energy from one place to another. Electromagnetic field, or energy, from one 

point to another, not a voltage or current. The voltage and current exist, but only as a 

consequence of the presence of the field. In market, some of the more common types of 

transmission lines are power cables (balanced line), coaxial cable, micro-strip line, 

stripline/busbar and waveguide. The conducting medium of the transmission line are just the 

guides for the electromagnetic energy. The electromagnetic energy is propagated in the 

dielectric material. In a transmission line, the velocity of propagation v of the electromagnetic 

energy is equal to; 

𝑣 = 
𝑐

√ℰ𝑟
 

 

where c is the speed of lightin a vacuum (free space, c = 3.0 x 108m/s) and ℰ𝑟is the relative 

dielectric constant of the medium through which the wave is being propagated. The larger the 

dielectric constant, the slower the velocity of propagation will be. For most transmission lines, 

the velocity of propagation varies from approximately 1/3 of the speed of light to the speed of 

light, depending on the dielectric material. For many dielectrics used in transmission lines, the 

velocity of propagation is aboutone half the speed of light in a vacuum therefore the speed at 

which a signal propagates down a transmission line will be about 6 inches per nanosecond. It 

is important to note that what travels at, or close to, the speed of light on a transmission line is 

the electromagnetic energy, which is in the dielectric material not the electrons in the 

conductors [58]. The speed of the electrons in the conductors is approximately 0.01 m/s (0.4 

in./s)  which is 30 billion times slower than the speed of light in free space[7]. In a transmission 

line, the most important material is therefore the dielectric through which the electromagnetic 

energy (field) is propagated, not the conductors that are just the guides for the energy. 
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Instead of the simple series R–L network used to model a short conductor, a transmission line 

must be represented by a large number, ideally an infinite number, of R–L–C–G elements, as 

shown in figure 27. Due to an infinitely long transmission lines, the elements cannot all be 

lumped together. Hence, more sections are used repetitively along the line, the more accurate 

the model will be will synthesised. In the same figure, R represents the resistance of the 

conductors in Ohms Per-Unit Length. L represents the Inductance of the conductors in Henries 

Per-Unit Length. C represents the capacitance between the conductors in Farads Per-Unit 

Length, and G represents the conductance (the reciprocal of resistance) of the dielectric 

material separating the two conductors in Siemens Per-Unit Length.  

 

 
Figure 27: Distributed parameter model of a two-condcutor transmission line 

 

Most transmission line analysis assumes that the propagation is solely by the transverse 

electromagnetic (TEM) mode. In the TEM mode, the electric and magnetic fields are 

perpendicular to each other, and the direction of propagation is transverse (perpendicular) to 

the plane that contains the electric and magnetic fields. To support the TEM mode of 

propagation, a transmission line must consist of two or more conductors. The three most 

important properties of a transmission line are its characteristic impedance, propagation 

constant and its hight-frequency loss which will be discussed in next sections.  

 

 

The Transmission-Line Equations for Multiconductor Lines 

According to[57], the governing transmission-line equations for a two-conductor line will be a 

coupled set of two first-order partial differential equations for the line voltage V(z, t) and line 

current I(z, t), where the line conductors are parallel to the z axis and time is denoted as t. In 

the case of an MTL consisting of n + 1 conductors parallel to the z axis, the corresponding 

governing equations are a coupled set of 2n first-order matrix partial differential equations 

relating the n line voltages Vi(z, t) and n line currents Ii(z, t) for i = 1, 2, . . . , n. The number 

of conductors may be quite large, for example, n + 1 = 100, in which case efficiency of solution 

of the 2n MTL equations becomes an important consideration. The ease of solution of the MTL 

equations depends upon the assumptions or approximations one is willing to make about the 

line, for example, uniform line versus non-uniform line, lossless line versus lossy line, a 

homogeneous surrounding medium versus an inhomogeneous surrounding media, and so on.  

 

In this research context, only methods for solution of MTLs is discussed and concentrate on 

single phase electrical system networks. In short, the analysis of an MTL for the resulting n 

line voltages Vi(z, t) and n line currents Ii(z, t) is in general, a three-step process shown below 

 

Firstly, determine the per-unit-length parameters of inductance, capacitance, conductance, and 

resistance for the given line. All cross-sectional information about the particular line such as 

conductor cross sections, wire radii, conductor separations, and so on that distinguishes it from 
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some other line is contained in these per-unit-length parameters and nowhere else. In the case 

of a two conductor lines, these parameters are scalars. In the case of an MTL consisting of n + 

1 conductors, these parameters are contained in matrices that are of dimension n × n. The MTL 

equations are identical in form for all lines: only the per-unit-length parameters are different. 

Without the determination of the per-unit-length parameters for the specific line, one cannot 

solve the resulting MTL equations because the coefficients in those equations (the per-unit-

length parameters) will be unknown. 

 

Secondly, to determine the general solution of the resulting MTL equations. For a two 

conductor line, the general solution consists of the sum of a forward- and a backward-traveling 

wave. In the case where the sources driving the line are general excitation waveforms, these 

waves are represented by two unknown functions that are functions of position along the line 

z and time t. In the case of sinusoidal steady-state excitation of the line, there are two complex-

valued undetermined constants. For an MTL consisting of n + 1 conductors, the general 

solution consists of the sum of n forward- and n backward-traveling waves. In the case where 

the sources driving the line are general excitation waveforms, these waves are represented by 

2n unknown functions that are functions of position along the line z and time t. In the case of 

sinusoidal steady-state excitation of the line, there are 2n complex-valued undetermined 

constants. 

 

Thirdly, to incorporate the terminal conditions to determine the unknown functions or unknown 

coefficients in the general form of the solution. A transmission line will have terminations at 

the left and right ends consisting of independent voltage and/or current sources and lumped 

elements such as resistors, capacitors, inductors, diodes, transistors, and so on. These terminal 

constraints provide the additional 2n equations (n for the left termination and n for the right 

termination), which can be used to explicitly determine the 2n undetermined functions or the 

2n coefficients in the general form of the MTL equation solution that was obtained in step 2. 

 

 

6.0.1 MTL Equations Derivation from the Per-Unit-Length Equivalent Circuit 

In [57], there are two methods to derive the transmission line equations, one is derived from 

the integral form of Maxwell`s equation. Another is derived from the Per-Unit-Length 

Equivalent circuit which will be preferred in this discussion. As an alternative method, a MTL 

transmission lines equivalent circuit is shown in figure 28 below[59]. 
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Figure 28: The Per-Unit-Length equivalent circuit for derivation of the transmission line 

equations. 

 

Writing Kirchhoff’s Voltage Law (KVL) around the ith circuit consisting of the ith conductor 

and the reference conductor yields 

 
 

−𝑉𝑖(𝑧, 𝑡) + 𝑟𝑖∆𝑧𝐼𝑖(𝑧, 𝑡) + 𝑉𝑖(𝑧 + ∆𝑧, 𝑡) + 𝑟0∆𝑧∑ 𝐼𝑘(𝑧, 𝑡)

𝑛

𝑘=1

= −𝑙𝑖1∆𝑧
𝜕𝐼1(𝑧, 𝑡)

𝜕𝑡
− 𝑙𝑖2∆𝑧

𝜕𝐼2(𝑧, 𝑡)

𝜕𝑡
− ⋯− 𝑙𝑖𝑖∆𝑧

𝜕𝐼𝑖(𝑧, 𝑡)

𝜕𝑡
− ⋯

− 𝑙𝑖𝑛∆𝑧
𝜕𝐼𝑛(𝑧, 𝑡)

𝜕𝑡
 

(29) 

 

Dividing both sides by ∆𝑧  and taking the limit as ∆𝑧  →0 once again yields the first 

transmission-line equation with the collection for all i given in matrix form. This first MTL 

equation can be written in a compact form using matrix notation as 

 
 𝜕

𝜕𝑧
𝐕(𝑧, 𝑡) = −𝐑𝐈(𝑧, 𝑡) − 𝐋

𝜕

𝜕𝑧
𝐈(𝑧, 𝑡) 

(30) 

 

 

where the n × 1 voltage and current vectors are defined as 

 
 

𝐕(𝑧, 𝑡) =

[
 
 
 
 
𝑉1(𝑧, 𝑡)
⋮

𝑉𝑖(𝑧, 𝑡)
⋮

𝑉𝑛(𝑧, 𝑡)]
 
 
 
 

 

(31) 



Marie Skłodowska-Curie  Smart Cities EMC Network for Training D8.1 

This project has received funding from the European Union’s Horizon 2020 research and innovation programme under 

the Marie Skłodowska-Curie grant agreement No 812391 

 

42 

   

 

𝐈(𝑧, 𝑡) =

[
 
 
 
 
𝐈1(𝑧, 𝑡)
⋮

𝐈𝑖(𝑧, 𝑡)
⋮

𝐈𝑛(𝑧, 𝑡)]
 
 
 
 

 

(32) 

 

Similarly, the second MTL equation can be obtained by applying Kirchhoff’s Current Law 

(KCL) to the ith conductor in the per-unit-length equivalent circuit to yield 

 
 𝐼𝑖(𝑧 + ∆𝑧, 𝑡) − 𝐼𝑖(𝑧, 𝑡)

= −𝑔𝑖1∆𝑧(𝑉𝑖 − 𝑉1) −⋯− 𝑔𝑖𝑖∆𝑧𝑉𝑖 −⋯− 𝑔𝑖𝑛∆𝑧(𝑉𝑖 − 𝑉𝑛)

− 𝑐𝑖1∆𝑧
𝜕

𝜕𝑡
(𝑉𝑖 − 𝑉𝑛) − ⋯𝑐𝑖𝑖∆𝑧

𝜕

𝜕𝑡
𝑉𝑖 −⋯− 𝑐𝑖𝑛∆𝑧

𝜕

𝜕𝑡
(𝑉𝑖 − 𝑉𝑛) 

(33) 

 
 𝜕

𝜕𝑧
𝐈(𝑧, 𝑡) = −𝐆𝐕(𝑧, 𝑡) − 𝐂

𝜕

𝜕𝑡
𝐕(𝑧, 𝑡) 

(34) 

 

 

Per-Unit-Length Parameters for (n+1) Transmission Lines 

To better understand the Per-Unit-Length parameters, figure 29 and figure 30 give an intuitive 

view of the essential ingredients of the transmission-line equations: the per-unit-length 

parameters of two conductor lines. Figure 29shows the effect of the transverse electric field 

𝐸𝑡⃗⃗  ⃗that is directed from the top conductor to the bottom conductor. The transverse electric field 

lines begin on positive charge on the surface of the upper conductor and terminate on negative 

charge on the surface of the lower conductor. This transverse electric field will cause two 

currents in the surrounding dielectric in this transverse plane that are directed from the top 

conductor to the lower conductor[60][61]. In general, the transverse current is the sum of both 

the conduction current and displacement current[57]. 

 
 𝐼𝑡(𝑧, 𝑡) = 𝐼𝑔(𝑧, 𝑡) + 𝐼𝑐(𝑧, 𝑡) (35) 

 

Where 𝐼𝑡 the transverse current, 𝐼𝑔 is the conduction current and 𝐼𝑐  is the displacement current. 

 

 
Figure 29: Illustrative Per-Unit-Parameters due to electric field interaction between 

conductors 
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Figure 30: illustrative Per-Unit-Parameters due to magnetic field interaction between 

conductors 

 

A transverse conduction current 𝐽𝑡⃗⃗ = σ𝐸𝑡⃗⃗  ⃗, isinduced by this transverse electric field to flow in 

the lossy medium due to its conductivity σ from the top conductor to the bottom conductor in 

this transverse plane. This effect is represented for a section of line of length ∆𝑧  by a 

conductance. For a uniform line, this effect is uniformly distributed along the line. Hence if a 

section of line of length ∆𝑧 has a total conductance G, then a per-unit-length conductance g 

whose units are S/m, is given by 

 
 

𝑔 =  lim
∆𝑧 →0

𝐺

∆𝑧
 (S/m) 

(36) 

 

The transverse current flowing from the top conductor to the bottom conductor is related to the 

voltage between the two conductors by 

 
 𝐼𝑔(𝑧, 𝑡) = 𝑔∆𝑧𝑉(𝑧, 𝑡) (37) 

 

In addition, since charge is stored on the top and bottom conductors, we essentially have a 

capacitance between the two conductors. If a section of line of length ∆𝑧 has a total capacitance 

C, the charge is related to the voltage by Q = CV. For a uniform line, this effect is uniformly 

distributed along the line. Hence if a section of line of length ∆𝑧 has a total capacitance C, then 

the per-unit-length capacitance c whose units are F/m, is given by 

 
 

𝑐 =  lim
∆𝑧 →0

𝐶

∆𝑧
 (F/m) 

(38) 

 

The (displacement) current flowing in the transverse plane from the top conductor to the bottom 

conductor is 

 
 

𝐼𝑐(𝑧, 𝑡) = 𝑐∆𝑧
𝜕𝑉(𝑧, 𝑡)

𝜕𝑡
 

(39) 

 

Consider figure 30, the current flowing along the top conductor and returning along the bottom 

conductor will generate a magnetic field intensity in the transverse plane, 𝐻𝑡⃗⃗⃗⃗ [62]. The 

transverse magnetic flux density is𝐵𝑡⃗⃗⃗⃗  = μ𝐻𝑡⃗⃗⃗⃗ Wb/m2. This produces a magnetic flux 𝜓  = 

∫ 𝐵𝑡⃗⃗⃗⃗ 𝑠
.ds through the surface that lies between the two conductors. A section of line will 
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therefore have a total inductance L. For a uniform line, this effect is uniformly distributed along 

the line. Hence if a section of line of length ∆𝑧 has a total inductance L, then a per-unit-length 

inductance l whose units are H/m, is given by 

 
 

𝑙 =  lim
∆𝑧 →0

𝐿

∆𝑧
 (H/m) 

(40) 

 

This will produce a longitudinal voltage drop around the loop contained by the two conductors 

of 

 
 

𝑉𝑙(𝑧, 𝑡) = 𝑙∆𝑧
𝜕𝐼(𝑧, 𝑡)

𝜕𝑡
 

(41) 

 

Note that this inductance is a property of the loop formed by the two conductors and as such 

may be placed in either the top or the bottom conductor. It cannot be uniquely assigned to either 

conductor. Adjacent to each of these figures is a lumped-circuit model of an electrically small 

∆𝑧 section. Figure 31 (a) combines these into one model. The total line length is represented 

as a continuum of these, as shown in figure 31 (b). From the per-unit-length model, we can 

obtain the transmission-line equations by using Kirchhoff’s voltage (KVL) and current (KCL) 

laws[63][64]. Writing KVL at the left and right ends of this circuit gives 

 
 

𝑉(𝑧 + ∆𝑧, 𝑡) − 𝑉(𝑧, 𝑡) = −𝑙∆𝑧
𝜕𝐼(𝑧, 𝑡)

𝜕𝑡
 

(42) 

 

and writing KCL at the top right node gives 
 

𝐼(𝑧 + ∆𝑧) − 𝐼(𝑧, 𝑡) = −𝑔∆𝑧𝑉(𝑧 + ∆𝑧, 𝑡) − 𝑐∆𝑧
𝜕𝑉(𝑧 + ∆𝑧, 𝑡)

𝜕𝑡
 

(43) 

 

Dividing eq. (42) and eq. (43) by ∆𝑧 and taking the limit as ∆𝑧→0 yields the first and second 

transmission-line equations: 

 
 𝜕𝑉(𝑧, 𝑡)

𝜕𝑧
= −𝑙

𝜕𝐼(𝑧, 𝑡)

𝜕𝑡
 

(44) 

 

 𝜕𝐼(𝑧, 𝑡)

𝜕𝑧
= −𝑔𝑉(𝑧, 𝑡) − 𝑐

𝜕𝑉(𝑧, 𝑡)

𝜕𝑡
 

(45) 
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Figure 31: The Per-Unit-Length equivalent circuit for a two-conductor lines 

 

 

6.1.1 Per-Unit-Length Inductance 

According to [57], the Per-Unit-Length inductance matrix is defined as 

 
 𝜓 = 𝐋𝐈 (46) 

 

where 𝜓is an n × 1 vector containing the total magnetic fluxes per unit length 𝜓𝑖, penetrating 

the ith circuit, which is the surface defined between the ith conductor and the reference 

conductor: 

 
 

𝜓 =

[
 
 
 
 
𝜓1
⋮
𝜓𝑖
⋮
𝜓𝑛]
 
 
 
 

 

(47) 

 

The flux through the circuit (loop)𝜓𝑖 is directed in the clockwise direction when looking in the 

+z direction or cross-sectional view. The per-unit-length inductance matrix L contains the 

individual per-unit-length self-inductances 𝑙𝑖𝑖of the circuits and the per-unit-length mutual 

inductances between the circuits𝑙𝑖𝑗. L will be shown to be a symmetric matrix as 

 
 

𝐋 =  [

𝑙11 𝑙12 ⋯ 𝑙1𝑛
𝑙12 𝑙22 ⋯ 𝑙2𝑛
⋮
𝑙1𝑛

⋮
𝑙2𝑛

⋱
⋯

⋮
𝑙𝑛𝑛

] 

(48) 

 

There are two type of inductances in a homogeneous medium between n+1 conductor lines. 

The self-inductance is shown below[65] 
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𝑙𝑖𝑖 =

𝜇

2𝜋
ln (

𝑑𝑖0
2

𝑟𝑤0𝑟𝑤𝑖
) 

(49) 

 

Meanwhile, the mutual-inductance is given 

 
 

𝑙𝑖𝑗 =
𝜇

2𝜋
ln (

𝑑𝑖0𝑑𝑗0
𝑑𝑖𝑗𝑟𝑤0

) 
(50) 

 

Where 𝑟𝑤 is the radius of conductor line, 𝑑𝑖 is the separation between two conductors. 

 

 

6.1.2 Per-Unit-Length Capacitance 

Similarly from [57], the Per-Unit-Length Capacitance C matrix is written as 

 
 

𝐂 =  

[
 
 
 
 
 
 
 
 
 ∑ 𝑐1𝑘

𝑛

𝑘=1

−𝑐12 ⋯ −𝑐1𝑛

−𝑐12 ∑𝑐2𝑘

𝑛

𝑘=1

⋯ −𝑐2𝑛

⋮
−𝑐1𝑛

⋮
−𝑐2𝑛

⋱
⋯

⋮

∑𝑐𝑛𝑘

𝑛

𝑘=1 ]
 
 
 
 
 
 
 
 
 

 

(51) 

 

The capacitance between two conductor lines is calculated using formula below[65] 

 
 𝐶𝑝𝑎𝑖𝑟 =

𝜋휀

ln[(𝐷/2𝑟𝑤) + √(𝐷/2𝑟𝑤)2 − 1]
 

(52) 

 

It is considered the conductors are uniform and having same radii. D is the distance between 

any two lines, 𝑟𝑤 is the radius of conductor lines. 

 

 

6.1.3 Per-Unit-Length Resistance 

According to [57], the Per-Unit-Length Resistance R matrix for MTL is written as 

 
 

𝐑 =  [

(𝑟1 + 𝑟0) 𝑟0 ⋯ 𝑟0
𝑟0 (𝑟2 + 𝑟0) ⋯ 𝑟0
⋮
𝑟0

⋮
𝑟0

⋱
⋯

⋮
(𝑟𝑛 + 𝑟0)

] 

 

= [

𝑟1 0 ⋯ 0
0 𝑟2 ⋯ 0
⋮
0

⋮
0

⋱
⋯

⋮
𝑟𝑛

] + [

𝑟0 𝑟0 ⋯ 𝑟0
𝑟0 𝑟0 ⋯ 𝑟0
⋮
𝑟0

⋮
𝑟0

⋱
⋯

⋮
𝑟0

] 

(53) 

 
 

𝑅𝑤 =
1

2𝜋𝑟𝑤𝜎𝛿
 

(54) 
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Where𝛿  is the skin depth,𝜎 is the conductivity of the metal conductor. 𝑟𝑤  is the radius of 

conductor lines. Due to alternating electric current (AC) is of concern in the subject of study. 

At high frequencies, the skin depth becomes much smaller. Currents become distributed within 

a conductor such that the current density is largest near the surface of the conductor, and 

decreases with greater depths in the conductor[66]. The skin depth 𝛿 is given 

 
 

𝛿 =
1

√𝜋𝑓𝜎𝜇
 

(55) 

 

 

6.1.4 Per-Unit-Length Conductance 

According to [57][67], the Per-Unit-Length Conductance G matrix is written as 

 
 

𝐆 =  

[
 
 
 
 
 
 
 
 
 ∑𝑔1𝑘

𝑛

𝑘=1

−𝑔12 ⋯ −𝑔1𝑛

−𝑔12 ∑𝑔2𝑘

𝑛

𝑘=1

⋯ −𝑔2𝑛

⋮
−𝑔1𝑛

⋮
−𝑔2𝑛

⋱
⋯

⋮

∑𝑔𝑛𝑘

𝑛

𝑘=1 ]
 
 
 
 
 
 
 
 
 

 

(56) 

 

We know from, eq. (36), the can relate the conductance of conductor line as  

 
 𝐶

𝐺
=
휀

𝜎𝑑
 

 

𝐺 =
𝐶𝜎𝑑
휀

 

(57) 

 

Where 𝜎𝑑 and 휀 is the conductivity and permitivity of dielectric material. In a lossy and homogenous 

medium, the per-unit-length conductance is given 

 
 𝐺 =

휀𝜎𝑑

cosh−1 (
𝑑

2𝑟𝑤
)
 

(58) 

 

Where d is the distance between two conductor lines. 

 

 

Frequency-Domain Analysis of Multiconductor Lines 

6.2.1 General solutions for (n+1) conductor lines 

This section shows the solution of the transmission-line equations for multi-conductor lines, 

especially where the line is excited by a single-frequency sinusoidal signal and is in steady 

state. The excitation sources for the line are single frequency sinusoidal waveforms such as x 

(t) = Xcos(ω𝑡 +  θX). The reason to prefer frequency-domain analysis over the time-domain 

is that losses (of the conductors and the surrounding dielectric) can easily be handled in the 

frequency domain.  
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Throughout this section, conductor lines in a homogeneous medium are used primirarily to 

derive equations dealt with the ordinary and partial differentiation. Homogeneous medium is 

one dielectric surrounding the conductors and hence the permittivity, conductivity, and 

permeability are independent of position in the space surrounding the conductors. In pratical, 

subsequent equations formulation will consider n+1 conductors in an inhomogenous medium 

and are conductors with cross sections that do not vary with z and the surrounding electric 

properties do not vary with z or uniform [57]. 

 

Firstly, the per-unit-length resistance of the line conductors at high frequencies increases as the 

square root of the frequency √𝑓 , because of skin effect, whereas the per-unit-length 

conductance of a homogeneous surrounding dielectric is also frequency dependent. In the 

frequency domain, we simply evaluate these at the frequency of interest and treat them as 

constants throughout the analysis. 

 

Consider the line voltages and currents are also sinusoidal having a magnitude and a phase 

angle and the same frequency as the sources. The radian frequency of excitation (as well as the 

radian frequency of the resulting line voltages and currents) is denoted by ω, where ω = 2πf 

and f is the cyclic frequency of excitation. We write the time-domain forms of the n line 

voltages and n line currents as 

 
 𝑉𝑖(𝑧, 𝑡) = 𝑉𝑖(𝑧)𝑐𝑜𝑠(𝜔𝑡 + 𝜃𝑖(𝑧)) (59) 

 
 𝐼𝑖(𝑧, 𝑡) = 𝐼𝑖(𝑧)𝑐𝑜𝑠(𝜔𝑡 + 𝜙𝑖(𝑧)) (60) 

 

Given in [68], by replacing all time derivatives in the time domain equations with jω, this 

reduces the time-domain partial differential transmission-line equations, eq. (59) and eq. (60) 

to their frequency-domain equivalent as 

 
 𝑑

𝑑𝑧
�̂�(𝑧) = −(𝑟 + 𝑗𝜔𝑙)𝐼(𝑧) = −�̂��̂�(𝑧) 

(61) 

 
 𝑑

𝑑𝑧
�̂�(𝑧) = −(𝑔 + 𝑗𝜔𝑐)�̂�(𝑧)  = −𝐘�̂�(𝑧) 

(62) 

 

Where �̂� and �̂� is the per-unit-length impedance and per-unit-length admittance. The vectors �̂�(𝑧)and 

�̂�(𝑧) contain the n line voltages 𝑉�̂�(z) and n line current 𝐼�̂�(z) are the vector the n × 1 column  

 

 

�̂�(𝑧) =

[
 
 
 
 
�̂�1(𝑧)
⋮

�̂�𝑖(𝑧)
⋮

�̂�𝑛(𝑧)]
 
 
 
 

 

(63) 

 

 

�̂�(𝑧) =

[
 
 
 
 
𝐼1(𝑧)
⋮

𝐼𝑖(𝑧)
⋮

𝐼𝑛(𝑧)]
 
 
 
 

 

(64) 

 

The n × n per-unit-length impedance, �̂� and �̂� matrices are given by 
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 �̂� =  𝐑 + jω𝐋 (65) 

 

 𝐘 =  𝐆 + jω𝐂 (66) 

 

and contain the n × n per-unit-length resistance R, inductance (containing both internal and external 

inductance) 𝐋 = 𝐋𝐢 + 𝐋𝐢 , conductance G, and capacitance C matrices. Since R, L, C, and G are 

symmetric matrices, �̂� and �̂� are also symmetric.The resulting equations in (61) and (62) are a set of 

coupled, first-order ordinary differential equations with complex coefficients.Now differentiate above 

tranmission equations eq. (61)  and eq. (62) with respect to z and substitute the other, gives the 

uncoupled second-order differential equations 

 

 𝑑2

𝑑𝑧2
�̂�(𝑧) = �̂�𝐘�̂�(𝑧) 

(67) 

 
 𝑑2

𝑑2
�̂�(𝑧) = = 𝐘�̂��̂�(𝑧) 

(68) 

 

In order to decouple using in the similarity transformations, the method uses “change of variables” for 

generating the general solutions. To implement, we transform them to mode quantities as  

 

 �̂�(𝑧) = �̂�𝐯�̂�𝐦(𝑧) (69) 

 

 �̂�(𝑧) = �̂�𝑰�̂�𝐦(𝑧) (70) 

 

To ease the process of derivation, we use the n × n complex matrices �̂�𝐯 and �̂�𝑰whichdefines a “change 

of variables” between the actual phasor line voltages and currents, �̂� and �̂�, and the mode voltages and 

currents, �̂�𝐦 and �̂�𝐦. In order for this to be valid, these n × n matrices must be nonsingular; that 

is,�̂�𝐯
−1

and �̂�𝑰
−1

 must exist, where we denote the inverse of an n × n matrix Mas𝐌−𝟏in order to go 

between both sets of variables. Substituting these into the second-order MTL equations in (67) and 

(68)gives 

 

 𝑑2

𝑑𝑧2
�̂�𝐦(𝑧) =  �̂�𝐯

−1
�̂�𝐘�̂�𝐯�̂�𝐦(𝑧) 

= �̂�2�̂�𝐦(𝑧) 

(71) 

 

 𝑑2

𝑑𝑧2
�̂�𝐦(𝑧) = �̂�𝐈

−1
�̂��̂��̂�𝐈�̂�𝐦(𝑧) 

= �̂�2 �̂�𝐦(𝑧) 

(72) 

 

The objective is to decouple these second-order equations by finding a �̂�𝐯 and a �̂�𝑰 that simultaneously 

diagonalize �̂�𝐘 and 𝐘�̂�via similarity transformations as 

 

 �̂�2= �̂�𝐯
−1
�̂��̂��̂�𝐯 (73) 

 

 �̂�2= �̂�𝑰
−1
𝐘�̂��̂�𝑰 (74) 

 

where �̂�2 is an n × n diagonal matrix: 

 

�̂�2 = 

[
 
 
 
 �̂�1

2 0 ⋯ 0

0 �̂�2
2

⋯ ⋮

⋮
0

⋮
⋯

⋱
0

0

�̂�𝑛
2]
 
 
 
 

 

(75) 
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From [68], it is shown that the columns of �̂�𝐯 are the eigenvectors of �̂�𝐘 and the columns of �̂�𝑰 are the 

eigenvectors of 𝐘�̂�. The entries in �̂�2, �̂�𝑖
2
 for i = 1, . . . , n, are the eigenvalues of �̂��̂� and of 𝐘�̂�. That 

the eigenvalues of �̂�𝐘and 𝐘�̂� are the same follows from the fact that the eigenvalues of a matrix𝐌and 

its transpose𝐌𝑡 are the same. 

 

 �̂�𝑡𝑉𝐘�̂�(�̂�𝑉
−1
)𝑡 = �̂�2= �̂�𝐼

−1
�̂��̂��̂�𝐼 (76) 

 

 �̂�𝑡𝐼�̂�𝐘(�̂�𝐼
−1
)𝑡 = �̂�2= �̂�v

−1
�̂��̂��̂�v (77) 

 

 �̂�𝑡𝑉�̂�
𝑡
𝐼 = 𝟏𝒏 (78) 

 

 

𝟏𝒏 = [

1 0 ⋯ 0
0 1 ⋯ ⋮
⋮
0

⋮
⋯

1
0

0
1

] 

(79) 

 

Finally, the equations governing the mode voltages and currents in eq. (71) and (72) are decoupled and 

have the simple solution. 𝒆±�̂�𝑧 is the matrix exponential similar eq. (79) 

 

 �̂�𝐦(𝑧) =  𝒆
−�̂�𝑧�̂�𝑚

+ + 𝒆�̂�𝑧�̂�𝑚
−  (80) 

 

 �̂�m(𝑧) =  𝒆
−�̂�𝑧 �̂�𝑚

+ − 𝒆�̂�𝑧 �̂�𝑚
−  (81) 

 

The transformed line voltage and current from eq.(69) and eq.(70) 

 

 �̂�(𝑧) = �̂�v(𝒆
−�̂�𝑧�̂�𝑚

+ + 𝒆�̂�𝑧�̂�𝑚
− ) (82) 

 

 �̂�(𝑧) = �̂�I(𝒆
−�̂�𝑧 �̂�𝑚

+ − 𝒆�̂�𝑧 �̂�𝑚
− ) 

 

(83) 

The general solutions for the line voltages and currents above contain a total of 4n undetermined 

constants in the n × 1 vectors �̂�𝑚
+ , �̂�𝑚

− , �̂�𝑚
+ ,and �̂�𝑚

− .We will now relate those by defining the 

characteristic impedance matrix, thereby reducing the number of undetermined constants to 2n. 

Substituting eq. (83) into (62) yields the characteristic impedance matrix,�̂�𝐜as  

 

 
�̂�(𝑧) = −𝐘−1

𝑑

𝑑𝑧
�̂�(𝑧) 

= 𝐘−1�̂�I�̂�(𝒆
−�̂�𝑧 �̂�𝑚

+ − 𝒆�̂�𝑧 �̂�𝑚
− ) 

=𝐘−1�̂�I�̂��̂�𝐼
−1
�̂�𝑰(𝒆

−�̂�𝑧�̂�𝑚
+ − 𝒆�̂�𝑧 �̂�𝑚

− ) 
 

(84) 

�̂�𝐜 = �̂�
−1
�̂�I�̂��̂�𝐼

−1
 

 

Substitute eq. (82) into eq. (61) yield the characteristic admittance matrix,𝐘𝐜as 

 

 
�̂�(𝑧) = −�̂�−1

𝑑

𝑑𝑧
�̂�(𝑧) 

= �̂�−1�̂�v�̂�(𝒆
−�̂�𝑧�̂�𝑚

+ − 𝒆�̂�𝑧�̂�𝑚
− ) 

=�̂�−1�̂�v�̂��̂�𝑣
−1
�̂�𝒗(𝒆

−�̂�𝑧�̂�𝑚
+ − 𝒆�̂�𝑧�̂�𝑚

− ) 

 

𝐘𝐜 = �̂�
−1�̂�v�̂��̂�𝑣

−1
 

(85) 
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Let define the square root of the matrixproduct of from eq. (84) and eq. (85), they will be used in the 

chain-parameter matrix  

 

 √�̂�𝐘 = �̂�𝒗
−1
�̂�𝒗�̂� (86) 

 

 √𝐘�̂� = �̂�𝑰
−1
�̂�𝑰�̂� (87) 

 

Todetermine the terminal volages and currents, use the generalized Thevenin equivalent that terminates 

at source end and load end of equivalent circuit 

 

 �̂�(0) =  �̂�𝐬 − �̂�𝐬�̂�(0) (88) 

 

 �̂�(ℒ) =  �̂�𝐋 − �̂�𝐋�̂�(ℒ) (89) 

 

Using the 2n-port characterization method as shown in figure 34, the line voltage and current can be 

treated at z = 0 and z = ℒ. Thus we obtain the chain parameter matrix Φ 

 

 
[
�̂�(ℒ)

�̂�(ℒ)
] = Φ̂(ℒ) [

�̂�(0)

�̂�(0)
] 

 

[
�̂�(ℒ)

�̂�(ℒ)
]=[
Φ̂11(ℒ) Φ̂12(ℒ)

Φ̂21(ℒ) Φ̂22(ℒ)
] [
�̂�(0)

�̂�(0)
] 

(90) 

 

 

To obtain the Chain-Parameter Matrix Φ as in [65], the matrices is the function of the square root of 

matrix product in eq. (86) and eq. (87) 

 

 Φ̂11(ℒ) =  cosh (√�̂�𝐘ℒ) 

=𝐘−1 cosh (√𝐘�̂�ℒ)𝐘 

= �̂�𝑐 cosh (√𝐘�̂�ℒ)𝐘𝑐 

(91) 

 

 Φ̂12(ℒ) =  −�̂�𝑐sinh(√𝐘�̂�ℒ) 

=−sinh (√�̂��̂�ℒ) �̂�𝑐 

(92) 

 

 Φ̂21(ℒ) =  −𝐘𝑐sinh (√�̂��̂�ℒ) 

=−sinh (√𝐘�̂�ℒ)𝐘𝑐 

(93) 

 
 Φ̂22(ℒ) =  cosh (√𝐘�̂�ℒ) 

=𝐘cosh (√�̂�𝐘ℒ)𝐘−1 

= 𝐘𝑐 cosh (√�̂�𝐘ℒ) �̂�𝑐 

(94) 

 

 

6.2.2 Lumped-Circuit Approximate Characterization 

Lumped-circuit notions apply to circuits whose largest dimension is electrically small that 

isless than the λ, where λ = 
𝑣

𝑓
 is thewavelength at the frequency of interest. Lumped circuit can 

be synthsized to divide the line into N sections of length L/N. If each of these section lengths 
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is electrically short at the frequency of interest, L /N ≪ λ, then each section may be represented 

with a lumped model. These are referred to as lumped, iterative structures since the line must 

be more finely divided as frequency is increased. Some typical lumped structures are shown in 

figure 32 and figure 33. Observe that the total parameter is the per-unit-length parameter 

multiplied by the section lengthL /N. These structures are named after the symbols their 

structures represent: the lumped-π or lumped-T structures[69].  

 

 
Figure 32: Lumped-π approximate circuit 

 

The overall chain-parameter matrix of a line that is represented as a cascade of N such lumped 

sections is related by Φ̂11 = Φ̂π,T
𝑁  

 

 
Figure 33: Lumped-T approximate circuit 

 

As discussed in previous section to obtain the chain-parameter matrix. Next, the terminal 

conditions are incorporated as described to give the terminal voltages and currents of the MTL 

based on eq. (90). In addition, nonlinear terminations such as transistors and diodes can be 

readily incorporated into the terminations as these lumped-circuit programs include 

sophisticated models for them. 
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Figure: 34: MTL representation as a 2n-port chain-parameter matrix Φ, impedance matrix, Z 

and admittance matrix Y 

 

The chain-parameter matrices of these structures can be derived in a straightforward fashion 

as given in[57]. Substitute L = L 

 
 

�̂�𝛑 =

[
 
 
 
 {𝟏𝒏 +

𝟏

𝟐
�̂��̂� (

L

N
)
𝟐

} {−�̂� (
L

N
)}

{−𝐘(
L

N
) −

𝟏

4
𝐘�̂�𝐘 (

L

N
)
𝟑

} {𝟏𝒏 +
𝟏

𝟐
𝐘�̂� (

L

N
)
𝟐

}
]
 
 
 
 

 

(95) 

 
 

�̂�T =

[
 
 
 
 {𝟏𝒏 +

𝟏

𝟐
�̂�𝐘 (

L

N
)
𝟐

} {−�̂� (
L

N
) −

𝟏

4
�̂�𝐘�̂� (

L

N
)
𝟑

}

{−𝐘 (
L

N
)} {𝟏𝒏 +

𝟏

𝟐
𝐘�̂� (

L

N
)
𝟐

}
]
 
 
 
 

 

(96) 

 

 

6.2.3 Noise voltage and Current in Lumped Circuit 

This section discussesmethodsto use equations derived in previous section to compute theCM 

currents and voltages in all live, neutral and earth lines in a single phase electrical network, it 

is just one example using MTL to characterize and understand the behaviour of CM currents 

in the an electrical network. Figures below illustrate a typical three-wires electrical power line 

cable network where the lumped circuit excitation source is by a signal generator injecting pure 

sine wave with varies frequency as the EMI source[65]. 
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Figure 35: Three-wire equivalent CM current propagation model of a power line cable 

 

 
Figure 36: CM noise propagation model using the Chain parameter matrix 

 

From eq. (88) and eq. (89), the relationship between the injected CM voltages and the CM 

current at the source and that at any point on the transmission line is depicted. It is also shown 

that the voltages and currents at both load and source end of the model is shown in these 

equations  

 
 V̂(0) =  V̂s − Ẑs Î(0) (97) 

 

 V̂(ℒ) =  V̂L − ẐLÎ(ℒ) (98) 

 

Where  
 

𝑉(0) =  [
V𝑐𝑚1(0)
V𝑐𝑚2(0)

] 
(99) 

 
 

V𝑠 = [
V𝑐𝑚1
V𝑐𝑚2

] = [
V𝑐𝑚
V𝑐𝑚

] 
(100) 

 
 

V(ℒ) =  [
V𝑐𝑚1(ℒ)
V𝑐𝑚2(ℒ)

] 
(101) 

 
 

V𝐿 = [
𝑉𝐿1(ℒ)

𝑉𝐿2(ℒ)
] = [

I𝑐𝑚1(ℒ) ∙ 2𝑍𝐿𝑐𝑚−𝐸
I𝑐𝑚2(ℒ) ∙ 2𝑍𝐿𝑐𝑚−𝐸

] 
(102) 

 



Marie Skłodowska-Curie  Smart Cities EMC Network for Training D8.1 

This project has received funding from the European Union’s Horizon 2020 research and innovation programme under 

the Marie Skłodowska-Curie grant agreement No 812391 

 

55 

 
𝑍𝑠 = [

2𝑍𝑆𝑐𝑚−𝐸 + 𝑍𝑆𝑐𝑚−𝐿 0

0 2𝑍𝑆𝑐𝑚−𝐸 + 𝑍𝑆𝑐𝑚−𝑁
] 

(103) 

 
 

𝑍𝐿 = [
𝑍𝐿𝑐𝑚−𝐿 0

0 𝑍𝐿𝑐𝑚−𝑁
] 

(104) 

 
 

I(0) =  [
I𝑐𝑚1(0)
I𝑐𝑚2(0)

]= [
I𝑐𝑚(0)
I𝑐𝑚(0)

] 
(105) 

 
 

I(ℒ) =  [
I𝑐𝑚1(ℒ)
I𝑐𝑚2(ℒ)

]= [
I𝑐𝑚(ℒ)
I𝑐𝑚(ℒ)

] 
(106) 

 

The final calculation yield the CM voltage, CM current for all phase/live lines, neutral line 

and earth line at both load and source terminals. The impedances of the sources and the load 

are related as below; 

 
 

Z𝑆𝑐𝑚−𝐿 =
Z𝐿𝑁 + Z𝐿𝐸 − Z𝑁𝐸

𝟐
 

(107) 

 
 

Z𝑆𝑐𝑚−𝑁 =
Z𝐿𝑁 + Z𝑁𝐸 − Z𝐿𝐸

𝟐
 

(108) 

 
 

Z𝑆𝑐𝑚−𝐸 =
Z𝐿𝐸 + Z𝑁𝐸 − Z𝐿𝑁

𝟐
 

(109) 

 

Where Z𝐿𝑁 , Z𝐿𝐸 , Z𝑁𝐸  is the impedance of Line-Neutral, impedance of Live-Earth and 

impedance of Neutral-Earth. 

 

 

The BLT Equations 

In a transmission line network. Lines may end in termination networks or may be 

interconnected by grid networks. Each transmission line of the network will be referred to as a 

tube. A convenient way of describing the overall network is with a graph as illustrated in figure 

37. The transmission lines are represented with single lines or branches of the graph. The 

termination networks are defined as a node having only one tube incident on it and are 

represented by rectangles. The interconnection networks are defined as a node having more 

than one tube incident on it and are represented by circles[70].  

 

The excitation for the network may be in the form of lumped sources in the termination or 

interconnection networks or it may be due to either distributed excitation from an incident 

electromagnetic field or a point excitation along the line as with the direct attachment of a 

lightning stroke. Point excitation of a tube as in the case of a direct attachment of a lightning 

stroke can be handled by characterizing the segments of the tube to the left and right of the 

excitation point with any of the following models and treating the point excitation as an 

interconnection network between these tube subsegments. Lumped sources in this 

interconnection network then represent this point excitation at the junction. 

 

This section only focus on the BLT equation which is one essential part for the EMT network 

lines characterization. This methods uses of the scattering parameter representation of the tubes 

[70][71]. Consider a tube having lumped excitation at some point, z = x, along its length 

illustrated in figure 37. These lumped excitations may represent point sources such as the direct 
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attachment of a lumped source of electromagnetic incident field excitation. The general 

frequency-domain solution of the MTL equations expressed for the tube segments to the left 

and right as shown. This example consider a lossy two-wire transmission line and formulated 

in the frequency domain[68].  

 

 
Figure 37: Tube having lumped excitation at a point on the tube. (a) Transmission Line. (b) 

Linear nodal graph 

 

A lossy transmission line is characterized thePer-Unit-Length equivalent circuit as shown 

above. We calculate the Per-Unit-Length Capacitance (G), Per-Unit-Length Inductance (L) and 

Per-Unit-Length Resistance (R) using equation (50), (52) and (54).The propagation constant is 

given 

 
 𝛾(𝑠) =  √(𝑅 + 𝑠𝐿)𝑠𝐶 (110) 

 

And the characteristic impedance is given below, both the constant are the function of 

frequency, s = ω = 2πf 

 
 

Z𝑐(𝑠) =
√𝑅 + 𝑠𝐿

√𝑠𝐶
 

(111) 

 

In [72], the use of exponential time-harmonic notation 𝑒𝑠𝑡 is chosen. It can provide time-

reversed propagation equivalence frequency domain BLT equation, it can easily convert to 

transient BLT analysis into non-linear system later.  

 

The voltage and current sources on the transmission line of figure 37 (b) are shown to produce 

travelling voltage and current waves on the line. At the ends of the line, the incident voltage 

waves can be expressed in matric form as  

 

 
[
𝑉1
𝑖𝑛𝑐

𝑉2
𝑖𝑛𝑐
] = [ 0 𝑒−𝛾(𝑠)𝐿

𝑒−𝛾(𝑠)𝐿 0
] [
𝑉1
𝑟𝑒𝑓

𝑉2
𝑟𝑒𝑓] + [

𝑆1(𝑠)

𝑆2(𝑠)
] 

(112) 
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Where 𝑉1
𝑖𝑛𝑐  and 𝑉2

𝑖𝑛𝑐  are the are the incident voltage waves, and 𝑉1
𝑟𝑒𝑓

 and 𝑉2
𝑟𝑒𝑓

 are the 

reflected voltage waves at the nodes 1 and 2, as shown in Figure 37(b). The frequency-

dependent vector [S𝑛] provides the excitation of the equation. It is expressed in terms of the 

lumped voltage and current sources 𝑉𝑠 and 𝐼𝑠 by 
 

[S] = [
S1(𝑠)
S2(𝑠)

] = [
−
1

2
𝑒−𝛾(𝑠)𝑥𝑠(V𝑠(𝑠)− Z𝑐(𝑠)I𝑠(𝑠))

1

2
𝑒−𝛾(𝑠)(𝐿−𝑥𝑠)(V𝑠(𝑠)− Z𝑐(𝑠)I𝑠(𝑠))

] 

(113) 

 

At either end of the line, the incident and reflected voltagewaves are related by 

 
 𝑉𝑛

𝑟𝑒𝑓
= 𝜌(𝑠)𝑉𝑖𝑛𝑐 (114) 

 

Where 𝜌(𝑠) is the frequency-dependent voltage-reflection coefficient. For an impedance load 

Z𝐿 on a transmission line having a characteristic impedance Z𝑐, the reflection coefficient is 

defined as 

 
 

𝜌(𝑠) =
Z𝐿(𝑠) − Z𝑐(𝑠)

Z𝐿(𝑠) + Z𝑐(𝑠)
 

(115) 

 

The vector of reflected voltages in eq. (82) can be expressed in terms of the vector of incident 

voltages by the matrix relationship 

 

 
[
𝑉1
𝑟𝑒𝑓

𝑉2
𝑟𝑒𝑓] = [

𝜌1(𝑠) 0
0 𝜌2(𝑠)

] [
𝑉1
𝑖𝑛𝑐

𝑉2
𝑖𝑛𝑐
] 

(116) 

 

where 𝜌1(𝑠) and 𝜌2(𝑠)are the reflection coefficients at each end of the line. Substitute eq. (116) 

into eq. (112) and solving the vector provides the first form incident voltages of BLT equation 

at both nodes. 

 
 

[
𝑉1
𝑖𝑛𝑐

𝑉2
𝑖𝑛𝑐
] = [[

1 0
0 1

] − [ 0 𝑒−𝛾(𝑠)𝐿

𝑒−𝛾(𝑠)𝐿 0
] [
𝜌1(𝑠) 0
0 𝜌2(𝑠)

]]

−1

[
𝑆1(𝑠)
𝑆2(𝑠)

] 
(117) 

 

The second form of the voltage BLT equation is for the total load voltage vector, which is 

obtained using eq. (114) as 

 

 
[
V1
V2
] = [

𝑉1
𝑖𝑛𝑐

𝑉2
𝑖𝑛𝑐
] + [

𝑉1
𝑟𝑒𝑓

𝑉2
𝑟𝑒𝑓
] = [

1 + 𝜌1(𝑠) 0
0 1 + 𝜌2(𝑠)

] [
𝑉1
𝑖𝑛𝑐

𝑉2
𝑖𝑛𝑐
] 

(118) 

 

Combine eq.(117) with eq.(118) yields another form of total load voltage vector as 

 

 
[
V1(𝑠)
V2(𝑠)

] = [
1 + 𝜌1(𝑠) 0

0 1 + 𝜌2(𝑠)
] [[
1 0
0 1

]

− [ 0 𝑒−𝛾(𝑠)𝐿

𝑒−𝛾(𝑠)𝐿 0
] [
𝜌1(𝑠) 0

0 𝜌2(𝑠)
]]

−1

[
𝑆1(𝑠)

𝑆2(𝑠)
] 

(119) 
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To obtain the current in circuit, a similar analysis involving current travelling waves can be 

used to derive a BLT equation. The resulting total load current BLT equation is given 

 

 
[
I1(𝑠)
I2(𝑠)

] =
1

Z𝑐(𝑠)
[
1 − 𝜌1(𝑠) 0

0 1 − 𝜌2(𝑠)
] [[
1 0
0 1

]

− [ 0 𝑒−𝛾(𝑠)𝐿

𝑒−𝛾(𝑠)𝐿 0
] [
𝜌1(𝑠) 0
0 𝜌2(𝑠)

]]

−1

[
𝑆1(𝑠)
𝑆2(𝑠)

] 

(120) 

 

All the exponential terms in these new equations are of the form 𝑒−𝛾𝐿 which in the time domain 

corresponds to forward-propagating waveform components. 
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Electromagnetic Topology (EMT)  

 

Electromagnetic topology is a graphical method used to represent a complex electromagnetic 

coupling problem. One of its original features is to break space down into several volumes in 

which the problem is solved locally independently of the neighboring volumes[70, 73][74]. 

Traditionally, EMT uses two representations to breakdown volumes of a complex problem, the 

Interaction diagram and Interaction graph. Interaction diagram is a graphic representation of 

the breakdown of a problem into several problems included in one another and limited to so-

called topological volumes. The interation graph represents interactions between the various 

topological volumes, each volumes is symbolized by a “node”, a “surface node” is the channel 

that penetrates one volume to another volume. In practice, such a breakdown cannot be directly 

applied since wires make the volumes "electromagnetically" dependent.  

 

Electromagnetic Topology theory and the way of adapting them in order to make possible are 

genarally used in efficient analysis of EM-Coupling problems. Terminologically, this operation 

is very intuitive. Very often, the frontiers of subvolumes are constituted by physical surfaces 

(walls, boxes, cables)[75]. Nevertheless, two kinds of surfaces can be distinguished: 

 

• Surfaces that are actually shield s, in the sense that they attenuate the signal from one 

side to the other side. This is the case ofthe external skin of an aircraft or the shield of 

a cable. They are called "proper" surfaces. These surfaces contain one volume called 

itself a "proper" volume. The main interest of detecting or building such surfaces is that 

they allow one to process separately the external coupling and the interference induced 

inside. This directly comes from the application of the good shielding approximation. 

• Surfaces that do not provide any kind of shielding effect , but which separate two 

physical volumes . This is the case of walls with apertures or cables penetrating them. 

Consequently, the signals inside the separate volumes are dependent on each other. 

Such surfaces are called "elementary" surfaces and, in the same way, the included 

volumes are called "elementary" volumes . The interest is that those surfaces constitute 

a natural frontier for the decomposition and a location where observable data are easy 

to access. 

 

On a topological diagram, Figure 38 depicts an illustration of both types of surfaces and 

volumes. This example, with a small number of proper surfaces and many elementary surfaces, 

is more representative of an actual system topology than ideal ones generally emphasized by 

the theory. 

 

 
Figure 38: Terminology of surfaces and volumes in EMT 
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Next, EMT proposes a “topological network” method to determine the response of the global 

problem. It is a network consists of tubes interconnecting the junctions. The tubes are 

propagation lines. The junctions express the scattering of a signal. There are surface junctions 

associated with the surface nodes of an interaction graph and volume junctions associated with 

the volume nodes. The signal transmitted on the network is called wave. It can be electrical 

(case of physical conductor lines) or electromagnetic (case of fictitious propagation channel of 

an interference). A junction in this context consists of numbers of ports (from the standpoint 

of an electric circuit, it is the number of conductors connected to the junction). As tubes can 

include several conductors, the number of tubes connected to a junction is necessarily less than 

or equal to the order of the junction) [74]. Finally, this topological approach is used to illustrate 

the connections of components in a complex large-EM system. With the BLT equations 

formulated in previous section, it allows to calculate the total voltage and current quantities of 

any nodes in network of N-order. Figure 39 shows example of extended tube-junction topology 

network given in figure 37 (b). 

 

 
Figure 39: Topological network description 

 

 

Topology Characterization in Complex Network 

By using transmission line concepts, which result from a simplification of a complete solution 

of Maxwell’s equations [76], a computationally simple model that predicts the propagation of 

EM energy into the system has been developed using tubes and junctions representation. This 

model is based on the BLT equation, which is a matrix equation describing the behavior of the 

voltage and/or current at all of the junctions (or interconnections) of the conductors in the 

network [70][77, 78]. In a sense, this equation is similar to a node analysis performed in 

conventional circuit theory, except that the effects of EM propagation along the individual 

conductors are considered [79]. 

 

As being depicted in section 6.4, the BLT equation is used to determine the signal magnitude 

in any point of the network by grouping the propagation and distribution equations. It is 

expressed in eq. (119) and eq. (120), the equations are to obtain the voltage and current 

quantities in a network. The method requires to define the reflection coefficient 𝜌(𝑠) , 

frequency-dependent vector [S𝑛 ], propagation constant 𝛾(𝑠)  and characteristic impedance 

Z𝑐(𝑠). Generally, this step is associated with the incoming and outgoing waves characterization 

on the transmission lines or tube-junction.  
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Another version of the BLT equation is shown in[74] which is the predecessor of the current 

BLT equation, similarly, it explains that signals propagate in these networks are waves whose 

mathematical expression contains electromagnetic information (field E and H) or electrical 

information (voltage V and current I). A network consists of a set of tubes through which 

propagate the waves, interconnected by junction insuring distribution of waves [80]. On each 

tube can be defined a propagation matrix (Г) connecting the waves to each end and to each 

junction, a scattering matrix (Parameter S). Each of these matrices is used to fill the blocks of 

supermatrices [S] and [Г] of the topological network [81][80]. 

 

Initially, these topological concept was derived for lumped circuits, it is also successfully 

applied into transmission line network to help summarize the network configurations, to define 

topology matrices and to set up network equations. However, to be able to characterize an 

electrical network into topological representation, the following discusses about every basic 

elements of the transmission-line network and the types of interconnection graphs using wave, 

tubes and junction[75]. 

 

A tube is a collection of wires characterized by two ends to which electrical connections can 

be made. A junction is where wires terminate. Usually a tube can represent a bundle of wires 

which may is terminated at a junction as in a circuit. Branching of a bundle of wires can be 

considered as tube divided into a few tubes with the position of branching as a junction within 

which only direct electrical connection occur. 

 

The graphic symbols for tubes and junctions are respectively “parallel” lines and circles. The 

vth junction is denoted as Jv for v = 1, …, NJ where NJ is the number of junctions in the network. 

For transmission–line networks, it is possible to have more than one tube between two 

junctions. The pth tube between junctions Jv andJ𝑣
` , is labeledT𝑣,𝑣

(𝑝)
. If there is only one tube 

between Jv and J𝑣
` , the simplified notation T𝑣,𝑣′ = T𝑣,𝑣`

(1)
is often used.  

 

Each tube is characterized by two sets of waves: the forward travelling wave and the backward 

travelling wave. The waves on the pth tube between junctions Jv and Jv`are labelled W𝑣,𝑣′
(𝑝,+)

and 

W𝑣,𝑣′
(𝑝,−)

, where W𝑣,𝑣′
(𝑝,+)

travels from Jv to Jv`and W𝑣,𝑣′
(𝑝,−)

travels from Jv`to Jv. Thus, W𝑣,𝑣′
(𝑝,+)

= 

W𝑣,𝑣′
(𝑝,−)

. There are thus two waves travelling in opposite directions on a given tube which 

corresponds to transmission line shown in figure 37. 

 

As example in figure 40. There are 4 junctions and 6 tubes circuit. The tubes and waves are 

numbered with double subscripts according to the rules outlined above. The parallel tubes and 

the self-tube are unique for transmission line networks as there are no corresponding elements 

for the circuits, it has both the ends terminate in the same junctions. Topology matrices similar 

to those used for lumped circuits can be defined here involving junctions, tubes and waves. 

Specifically, there are six useful interconnection matrices: junction-junction (junction 

interconnection), junction-tube, tube-tube (tube interconnection), junction-wave, wave-wave 

(wave interconnection), and tube-end-wave[82]. 
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Figure 40: Double-subscripted topology diagram 

 

 
Figure 41: Single-subscripted numbering diagram 

 

 

7.0.1 Junction-Junction Interconnection Matrix 

For a transmission line network with NJ junctions, the junction-junction interconnection matric 

𝑡𝑣,𝑣`;𝐽−𝐽 is an NJ×NJ matrix. The elements are defined as: 

 

𝑣 ≠ 𝑣` 𝑡𝑣,𝑣`;𝐽−𝐽 = number of tubes connecting junctions 𝐽𝑣 and 𝐽𝑣 

 

𝑡𝑣,𝑣`;𝐽−𝐽 = 0 implies no connection between the two junctions  

𝑣 = 𝑣` 𝑡𝑣,𝑣`;𝐽−𝐽 = 1 

 

𝑡𝑣,𝑣`;𝐽−𝐽> 0 

 

denotes self connection (since a junction is always connected to itself) 

 

denotes exiustance of self-tubes 

 

= 1 + 2 x (number of self tubes) 

 

For example in figure 40, the junction-junction matrix is  
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(𝑡𝑣,𝑣`)𝐽−𝐽 = (

1 1 1 1
1 1 2 0
1
1

2
0

3
0

0
1

) 

(121) 

 

 

7.0.2 Junction-Tube Interconnection Matrix 

For a transmission line network with NJ junctions,(𝑡𝑣,𝑛)𝐽−𝑇 has elements defined by 

 
𝑡𝑣,𝑛;𝐽−𝑇  

 

= 1 if junction 𝐽𝑣 is connected to tube 𝑇𝑛 

= 2 if junction 𝐽𝑣 is connected to self tube 𝑇𝑛 

= 0 if junction 𝐽𝑣 is not connected to tube 𝑇𝑛 

 

The single-subscripted denotation of the tubes𝑇𝑛  is useful for matrix manipulations. The 

numbering is similar to that for branches in the circuit topology. Consecutive numbering starts 

at the first tube linking junction 𝐽1 to the junction that has the lowest node number. The tube 

number increases for other parallel tubes going from 𝐽1 to the same junction until all these tubes 

are labelled. This process continues for n tubes going to the junction with the next higher 

number until all junctions connected to 𝐽1 are exhausted. The procedure continues at 𝐽2 except 

for tubes which are already labeled: they are not repeated (eg: tubes𝑇1,2
(𝑝)

 are already labeled 

and are let out here). The process continues until all tubes are numbered. 

 

One may note here that the tube labeling is not oriented. Eg. 𝑇𝑣,𝑣`
(𝑝)
= 𝑇𝑣`,𝑣

(𝑝)
 . For example in 

figure 41, the junction-tube matrix is  

 
 

(𝑡𝑣,𝑛)𝐽−𝑇 = (

1 1 1 0 0 0
1 0 0 1 1 0
0
0

1
0

0
1

1 1 2
0 0 0

) 

(122) 

 

 

7.0.3 Tube-Tube Interconnection Matrix 

For a transmission line network with NJ junctions,(𝑡𝑣,𝑛)𝐽−𝑇 has elements defined by 

 
𝑛 ≠ 𝑚 𝑡𝑛,𝑚;𝑇−𝑇  

 

= number of connections between the eneds of tube 𝑇𝑛 and tube 𝑇𝑚 

= 0 implies no connections 

= 1 implies on eend of each tube is connected 

= 2 implies either (i) two parallel tubes or (ii) one is a self tube 

= 4 implies bnoth are self tubes 

𝑛 = 𝑚 𝑡𝑛,𝑛;𝑇−𝑇  

 

= 0 for a simple tube (normal situation) 
= 2 for a self tube 

 

The (𝑡𝑛,𝑚)𝑇−𝑇matrix for the case of figure 41 is  

 
 

(𝑡𝑛,𝑚)𝑇−𝑇 = 

(

  
 

0 1 1 1 1 0
1 0 1 1 1 2
1
1
1
0

1
1
1
2

0
0
0
0

0 0 0
0
2
2

2
0
2

2
2
2)

  
 

 

(123) 
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7.0.4 Junction-Wave Matrix 

Each tube is also characterized by two waves. The junction-wave matrix (𝑡𝑣,𝑢)𝐽−𝑊 describes 

the waves that are incident or reflected from a junction. One defines 

 

𝑡𝑣,𝑢;𝐽−𝑊 =

{
  
 

  
 
1

1

0

2

 

if wave 𝑊𝑢 is leaving junction 𝐽𝑣 (transmitted and/or reflected) 

 

if wave 𝑊𝑢 is entering junction 𝐽𝑣 (incident) 

 

if junction 𝐽𝑣 is not associated with wave 𝑊𝑢 

 

if wave 𝑊𝑢 is on a self tube  

 

The single-subscripted denotation of the tubes 𝑊𝑢  is numbered similar to that of a tube. 

However, there are two waves on a tube, oriented to propagate in opposite directions. Thus, 

numbering starts at junction  𝐽1 for a wave leaving  𝐽1 on tube  𝑇1 until all tubes are exhausted. 

Numbering continues at junction  𝐽2 for all tubes (in ascending tube numbers), again for waves 

leaving𝐽2. This is repeated for all junctions. This results in different numbering as compared to 

the tubes. In fact, for  𝑁𝑇 tubes, there are  𝑁𝑤 waves given by 

 
 𝑁𝑤 = 2𝑁𝑇 (124) 

 

For example in figure 41, the junction-wave matrix is  

 
 

(𝑡𝑣,𝑢)𝐽−𝑊 = (

1 1 1 1 0 0 1 0 0 0 0 1
1 0 0 1 1 1 0 1 1 0 0 0
0
0

1
0

0
1

0 1 1 1 1 1 2 2 0
0 0 0 0 0 0 0 0 1

) 

(125) 

 

 

7.0.5 Wave-Wave Matrix 

In this matrix, the elements shown in figure 41can be defined as 

 
𝑊𝑢,𝑣 = 1  If wave 𝑊𝑣  scatters into wave 𝑊𝑢 , eg., if 𝑊𝑣  is connected to 𝑊𝑢  via a 

junction into which 𝑊𝑣 is incoming and 𝑊𝑢 is outgoing. 

𝑊𝑢,𝑣 = {
1

0
 

For a self tube 

 

Otherwise (normal situation) 

 
 

𝑊𝑢,𝑣 = 

(

 
 
 
 
 
 
 
 
 

0 0 0 1 0 0 1 0 0 0 0 1
0 0 0 1 0 0 1 0 0 0 0 1
0
1
1
1
0
0
0
0
0
0

0
0
0
0
1
1
1
1
1
0

0
0
0
0
0
0
0
0
0
1

1 0 0 1 0 0 0 0 1
0
0
0
0
0
0
0
0
0

0
0
0
1
1
1
1
1
0

0
0
0
1
1
1
1
1
0

0
0
0
0
0
0
0
0
0

1
1
1
0
0
0
0
0
0

1
1
1
0
0
0
0
0
0

0
0
0
1
1
1
0
1
0

0
0
0
1
1
1
1
0
0

0
0
0
0
0
0
0
0
0)

 
 
 
 
 
 
 
 
 

 

(126) 
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7.0.6 Tube-end-Wave Matrix 

 

 
Figure 42: Tube-end labeling for junction 𝐽3 

 

For the tube-end-wave interconnection matrix. Denote by the index r in 𝐽𝑣,𝑟  the tube ends 

reaching the junction 𝐽𝑣; then, for a wave entering 𝐽𝑣  via 𝐽𝑣;𝑟 , it is labeled 𝐽𝑣;𝑟,−, and for a wave 

leaving 𝐽𝑣  via 𝐽𝑣;𝑟 , it is labeled 𝐽𝑣;𝑟,+. The matrix is as below 

 

𝑡𝑟,𝑢;𝑣;𝐸−𝑊 =

{
 
 

 
 
0

−1

1

 

if wave 𝑊𝑢 is does not connect to junction 𝐽𝑣 via end𝐽𝑣;𝑟 

 

if wave 𝑊𝑢 enters junction 𝐽𝑣 via 𝐽𝑣;𝑟,− 

 

if wave 𝑊𝑢 leaves junction 𝐽𝑣 via 𝐽𝑣;𝑟,+ 

 

The matrix for example in figure 42 is 

 
 

(𝑡𝑟,𝑢)𝑣;𝐸−𝑊 = 

(

 
 

0 −1 0 0 0 0 1 0 0 0 0 0
0 0 0 0 −1 0 0 1 0 0 0 0
0
0
0

0
0
0

0
0
0

0 0 −1 0 0 1 0 0 0
0
0

0
0

0
0

0
0

0
0

0
0

−1
−1

1
1

0
0)

 
 

 

(127) 

 

Similarity can be seen in this relationship between tube-end-wave to junction-wave 

interconnection matrix below 

 
 

𝑡𝑣,𝑢;𝐽−𝑊 = ∑|𝑡𝑟,𝑢;𝑣;𝐸−𝑊|

𝑟𝑣

𝑟=1

 

(128) 

 

Where 𝑟𝑣 is the maximum value of r or the number of tube ends at 𝐽𝑣  

 

 

Interaction Sequence Diagram (ISD) 

In order to model a complex electromagnetic system, it is first necessary to understand and 

represent the relevant physical attributes of the system. As being discussed in the last section, 

an electromagnetic system can be decomposed into tube and junctions with wave to illustrate 

the interaction of each components. For this purpose, ISD (interaction graph) is one good 
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approach, it is used to keep track of the interaction paths through very components in the 

system. From a practical point of view, it is not a simple matter to ensure the electromagnetics 

integrity of systems even for a relatively small interaction problem. Hence, ISD provides a 

realistic modelling to attend this issue. 

 

According to[83], the authors describe the development of software for computation of 

complex system integrated ISD functionality, the software could solve intermediate level 

problem such as simple geometry whereby precision geometrical descriptions is not required 

dealing with its novel application. In [84], electromagnetic field strength in complex system 

implemented using fuzzy logic, it assists users to determine EM problem and model and model 

electromagnetic interaction in prolog.  

 

 
Figure 43: MESAF software functional block diagram 

 

In the large –system EMI analysis such as electromagnetic interaction in a vehicle, ISD provide 

great advantage that it avoid the need to specify complex geometrical details of the system. 

Figure 43 shows the analogy of the MESAF software [83], it is designed a graphical user 

interfaces (GUI) computer application. There are three main windows: for the electromagnetic 

topology, the ISD and the database, this system operates in the frequency domain. The 

topological approach provides facilities for labelling the topology, displaying different 

topological levels in the system and changing the color used on the GUI. The software 

automatically computes the ISD as the topology is input.  

 

In the ISD window, transfer function values added to the ISD graph as shown in figure 44. The 

generic data calculated transfer functions are obtained from the MESAF database eg. data on 

shielding effectiveness and coupling model. The ISD automatically indicates which paths have 

transfer functions assigned and the values. Once the ISD is fully populated with transfer 

function data, the user specifies the source field location the MESAF solver finds the minimum 

paths to all other nodes in the network using the D'Escopo-Pape algorithm.  
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Figure 44: ISD based on MESAF application 

 

In another paper [85], it describes an expert system applied to electromagnetic hardening. The 

domain is partitioned into four sections; the ambient field, shielding effectiveness, 

susceptibility and probability of failure. The main function of this expert system is provide 

technical standpoint and design guideline of various EM interaction mechanisms, in which this 

could provide useful topological analysis to many EM hardening problems. In [86], similar 

work is presented on electromagnetic interaction modelling using ISD, the authors` approach 

to subdivides the modelling task into two parts. Firstly one that’s is related to electromagnetic 

topology. Secondly, the propagation of electromagnetic constraints. These two steps enable 

appropriate symbolic description of knowledge representation of the fundamental components 

in an EM problem as well as the strategies to reason about these components. Figure below 

shows the topological representation of a system decomposition.  

 

 
Figure 45: Topological representation of shielding example (a) Detailed topological model 

(b) Equivalent ISD Graph model 

 

 

TopologicalModel of PEI Interfaces based on EMT 

Given interest of this large system EMI, a simple model consist of 3 power inverters (PEI) that 

interface together to a LISN to study the common-mode noise in the circuit and its propagation 

within the network. This single phase circuit setup can be represented an equivalent circuit as 

in figure 35, also, be converted to the chain parameter matrix as shown in figure 36. The 

eventual goal is to determine the terminal voltage and currents at every node in the graphical 

ISD which will be further developed[83]. Besides, noises in terms of common mode current 

and common mode voltage in this system can be obtained using details described in section 

6.0. The methodology of this study has four parts; first work shall be intensive simulation. 
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Second part is to conduct practical measurement with hardware setup. Thirdly, analysis of data 

obtained from measurement. The last step is the creation of a simple EMI computer application 

for EMC user.  

 

To study the electromagnetic interaction among devices, a simple system setup consists of 

multiple programmable inverters connected by a conductor lines which acts as a transmission 

line as shown in figure 46.The first step here is to understand the interference level produced 

in measurable unit fundamentally the noise current and voltage at both the input and output of 

grouped inverters. SPWM modulation technique implemented into three synchronized 

inverters connected a resistive load (linear load) at the output of inverters. The input of all 

inverters are terminated with a Line Impedance Stabilization Network (LISN), with it to isolate 

unwanted RF signals from the main power supply. LISN signal port is connected anEMI 

spectrum analyzer to measure the common mode voltage. To measure the common mode 

current, a Gauss current probe is clamped to the ground cable, this is done with the load 

ungrounded from it.  

 

After testing with the SPWM, the inverters are programmed with RPWM, DPWM based on 

detailed study in section 4.5. This changing of modulation technique in this large-system can 

provide insight comparison of aggregated interference of connected devices in the grid. This is 

especially important when this will involve even greater amount of power electronics 

converters. However, simulation must be conducted prior to hardware implementation stage. 

To enhance the objective of EMT interaction, this group of inverters configuration is tested 

with different load ranging from linear types to non-linear type through different length of 

electrical conductor cables. Refer to section 6.2, energy is delivered from source to load in the 

form of waves through a medium. The medium used here is the transmission line cable (3 x 

2.5mm2) that is electrically small but physically must be considered the impedance. The 

impedance of the multi-conductor power cable can be calculated as derived in eq. (111). Of 

course the effect of transmission medium is considered the physical properties such as the Per-

Unit-Length capacitance, resistance, inductance and conductance. The transmission line 

impedance can be obtained as described in section 6.3.3 using eq. (107) to eq. (109), this 

method is called the 2n-port chain-parameter matrix.  

 

With all theoretically calculated values, the final terminal voltage and current can be obtained 

through equations discussed in section 6.3 to 6.4. Next, the large-system can be modeled using 

ISD example as shown in figure 44. To put everything into a simple graph, it can be defined 

using methodology as described in the EMT chapter [section 7], figure 48 shows a simple ISD 

diagram that is generated based on proposed setup in figure 46. In subsequent work, more 

inverters and loads shall be connected to the backbone line. Finally, EMI filter can be added to 

targeted device in order to reduce the interference found in the complex network of interest.  
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Figure 46: Three-wire EMI experiment setup diagram 

 

 
Figure 47: Typical Single Line Diagram (SLD) equivalent circuit for figure 46 

 

 
Figure 48: Typical Interaction Sequence Diagram for circuit in figure 46 (based on EMT 

single-subscripted numbering) 
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7.2.1 Preliminary Results 

Progress in this topic was started first by familiarizing the topics of EMC, MTL and EMT. 

Now, a little simulation work has been initiated, the reason is to understand the characteristic 

of switch control modulations as discussed earlier, it will be implemented into each inverters 

to observe their interaction. More results will be included in the next deliverables.  

 

 
Figure 49: Simulation in NI-LabVIEW 

 

 
Figure 50: Hardware set-up using NI FPGA  
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In near future plan, it has been planned to start intensive simulation to couple the multi-

conductor transmission line circuit with those results obtained from the inverters group 

interaction. It is expected to be able to include more PEI into the topology to study their EMI 

effect in a network. After simulation, hardware implementation to confirm all modeling and 

simulation results using real power electronics converter setup. Finally, some future plans for 

this research topic have been proposed in the future recommendation section. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Marie Skłodowska-Curie  Smart Cities EMC Network for Training D8.1 

This project has received funding from the European Union’s Horizon 2020 research and innovation programme under 

the Marie Skłodowska-Curie grant agreement No 812391 

 

72 

Conclusion 

 

This report presented prospective research on EMC and EMI issues with focus on topological 

integration of large system EMI using DC-AC power converter in electrical network. With 

various proposed switch control strategies provided in WP6, they are readily integrated as part 

of the power converter control to understand their EMI attribute in a complex EMI 

environment. Electromagnetic topology is introduced to enhance graphical interaction of 

devices that contributes EMI in system.  

 

Contents in section 4.1 to 4.4 give a general introduction what sources of EMI exists in PEI, 

standards concern electromagnetic interferences that effect our daily use of electronic 

equipment, types of emission exist in the electronic circuits and EMI noise mitigation is also 

discussed. In section 4.5, it is presented some preliminary simulation results given emphasis 

on the Random Modulation and Deterministic Modulation techniques. Information about 

spread spectrum, sharing spectrum also briefly highlighted, it is shown that randomized 

switching strategies has better utilization of the available harmonic content in a power 

converter. When compared with deterministic switching strategies, the effect of randomization 

generates a reduction of the discrete and maintained a continuous spectrum. The key difference 

lies in the requirements of each application. SDM is also shown the function to attenuate 

discrete EMI noise component being able to create spectral nulls at specified frequencies, 

which is based on a feedback control circuit. 

 

Section 5 provides graphical explanation of power inverter function in an AC power grid. 

Standalone DC-AC inverter is mathematically described adequately its` internal switch 

sequence, shown the waveform resulted from the switching indicated in the two conducting 

switches section. From section 5.1, it is shown line current in the inverter is non-sinusoidal, 

which present harmonic components within it, these harmonic contents cause threat to other 

components in common grid such as those non-linear load. Thus, typical power quality issues 

related to power converter and non-linear load is shown, calculation of these harmonics is 

illustrated in section 5.2. Last part in section 5 shows the total harmonics distortion which is 

the measure of distortion amount of a waveform. 

 

In part 6, it is presented mathematical derivations for multi-conductor transmission line as it is 

the core to understand what electromagnetic topology is. This chapter covers derivatives on 

both first and second MTL equations in terms of terminal voltage and terminal current, these 

values can be easily calculated with the Per-Unit-Length circuit equivalence. Hence, section 

6.2 provides general Per-Unit-Length components calculation. Given also the MTL general 

solution and method of approximate solutions using lumped equivalent circuit, calculation can 

be rather easy to compute the terminal voltage and current along any point in the conductor 

line. In addition, the BLT equation is another powerful tool which can provide generic 

topological solution to obtain terminal values for a much complex EM network despite its 

complexity of using supermatrices. 

 

The last section of this investigation illustrates all types of topological characterization in a 

complex network. In section 7.1, it has been shown examples of useful interconnection 

matrices among decomposed component to represent them as junction, tube and wave. There 

are total 6 types of interconnection, each of these representation forms the crucial part of this 

research terminal objective which is to achieve the “interaction analysis using EMT”. 

Furthermore, the ISD models the interactions between objects in a single or complex system 

case. This graph illustrates how the different parts of a system interact with each other to carry 
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out a function, and the order in which the interactions occur when a particular node (junction) 

is executed in sequential order. The final section consists of the intended research component 

to achieve the overall large system EMI using EMT. Here, a simple experiment setup using a 

multiple power inverter interface into a network in order to study their aggregated EMI. These 

power inverters are tested with different modulation techniques to study their aggregated EMI 

effect. Subsequently, this network will be enlarged to cover various loads which assess the 

power quality among them in a general electrical network such as the utility electrical network 

or smart grid. Thereafter, it is anticipated that results from this experiment would be channeled 

into developing an expert system which is able to assess, analyze and predict EMI and power 

quality of a complex electrical network based on suitable EMC standards. 

 

 

Future research 

 

This research gives rise to several recommendation for future works, including the following: 

• To incorporate different switch modulation strategies as described in the work of WP6-

UZ. Different modulation methods are programmed into different inverters for specific 

application in the network. 

• To incorporate different power electronic interface in the network of analysis such as 

UPS, VFD and etc. 

• To increase the number of inverters to form cluster of power injection points into 

different point of the transmission line.  

• State-of-Art optimization method can be used to provide trade-off analysis the whole 

complex interaction performance. This method can also be applied to optimize circuit 

analysis of MTL[87]. 

• The EMT analysis could include the EM field excitation coupled into the transmission 

line of the researched large system network. This can be achieved by using the extended 

transient BLT equation because it is possible to determine the transient response of a 

nonlinear system[88]. 
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